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STEP/MAT/AEA Questions by A Level Chapter (Pure)

The following questions are aligned to the chapters of Pearson’s A Level textbooks for the
new 2017 A Level Maths. I've only included a question in a chapter if students would have
already covered all the skills involved, hence why chapters towards the end of the textbook
have more associated questions in this compilation.
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1 YeAar1l

1.1 ALGEBRAIC EXPRESSIONS

Question 1 (STEP | 2006 Q1)

Find the integer, n, that satisfies n? < 33127 < (n 4 1)%. Find also a small integer m such
that (n +m)? — 33127 is a perfect square. Hence express 33127 in the form pg, where p and
g are integers greater than 1.

By considering the possible factorisations of 33127, show that there are exactly two values of
m for which (n +m)? — 33127 is a perfect square, and find the other value.

Solutions: (i) 157x211 (ii)m = 16382

Question 2 (STEP | 2006 Q6)

(i)  Show that, if (a,b) is any point on the curve z2 — 2y = 1, then (3a + 4b,2a + 3b) also
lies on the curve.

(i)  Determine the smallest positive integers M and N such that, if (a,b) is any point on
the curve Mz? — Ny? =1, then (5a + 6b,4a + 5b) also lies on the curve.

(iii)  Given that the point (a,b) lies on the curve z* — 3y® = 1, find positive integers P, @,
R and § such that the point (Pa + Qb, Ra + Sb) also lies on the curve.

Question 3 (STEP |1 2005 Q7i,ii)

The notation H F(r) denotes the product f(1) x £(2) x f(3) x --- x f(n).

r=I|

Simplify the following products as far as possible:

oI55

r=1

W I1(5):

=2

Solutions: (i)n+ 1 (ii) nz—tll
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Question 4

[MAT 2002 1B]

Of the following three alleged algebraic identities, at least one Is wrong.

yz(z—y)+z2z(x—2)+zy(y— =)
=(z-y(z—2)(y—z)

(iyz(z—y)+zzx(z—2)+zy(y —x)
=(z-y)(z—2)(y—2)

(iyz(z+y)+z2zx(z+x)+2y(y+x)
=(z+y)(z+2z)(y+2z)

Which of the following statements are correct? Tick all that apply.

(i)
(iii)
Solution: (ii) only

Question 5

[MAT 2001 1F]

The expressmn
a:y—l—:cy +vy ”—i—y”2—|—"$—|—”m —z —'y —z° —2xyz
factorises as:

z+y+z)(z—y+z)(—z+y—2)

z+y—z)(z—y—2)(—z+y+2

z+y—z)(z—y+2z)(~z+y+2
y—z)(—z—y+2z2)(-z+y—2)

(
(
(
(z —

Solution: Option 3.
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Question 6

[MAT 2007 1E]

If x and n are integers then

(1 o m)n(2 B $)2n(3 B $)3n(4 o m)4n(5 o $)5n

Is:

negative whenn > dandxz < 5

negative whennisoddand z > 5

negative when n is a multipleof 3and = > 5
negative whennisevenand x < 5

Solution: Option 2.

Question 7

[MAT 2006 1A]

Which of the following numbers is largest?

Solution: Option 4.

Question 8

[MAT 2012 18]

Let N = 2% x 4™ x 8" where k, m, n are positive whole numbers.

Then N will definitely be a square number whenever:

k is even:

k 4+ n is odd;

k is odd but m 4+ n is even:
k + nis even.

Solution: Option 4.
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Question 9

[MAT 2008 1E]

The highest power of x in

3

([l 407+ 02— + [ 120+ (700

424
450
500
504

8 8B 8B &

Solution: x°%4

Question 10

[MAT 2007 1A]

Let rand s be integers. Then

6?"—|—S % 127‘—3
8*.“ x 9?“—|—23

IS an integer if

r+s5<0
s <0
<0
T8

Solution: s < 0
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1.2 QUADRATICS (SOLVING, COMPLETING SQUARE, GRAPHS, DISCRIMINANT)
Question 1 (STEP 12013 Q1)

(i) Use the substitution /r = y (where y = 0) to find the real root of the equation

r+3yT—1=0.

(ii) Find all real roots of the following equations:
(a) z+10y/r+2 —22=0;
(b) 2 —-4r+y2r2-82-3 —9=0.

Question 2 (STEP 1 2009 Q3)

. . . . : . 1
(i) By considering the equation 22 + x — a = 0, show that the equation = = (a — z)7 has
one real solution when a = 0 and no real solutions when a < 0.

Find the number of distinct real solutions of the equation
r=((1+a)x— ﬂ}%
in the cases that arise according to the value of a.
(ii) Find the number of distinct real solutions of the equation
r=(b+ ,r}’!"

in the cases that arise according to the value of b,

. . . 1 - .
Solution: (i) 1 real root if a < - 2 distinct real roots if a = 2

(ii)1Ifb = —%, one solution. No solutions if b < —i. Two solutions if —% <b<0

Question 3 (STEP |1 2007 Q4)

Show that 2 — 3xbe 4+ b + ¢* can be written in the form (x + b+ ¢) Q(x), where Q(x) is a
quadratic expression. Show that 2Q(x) can be written as the sum of three expressions, each
of which is a perfect square.

5 - s 4 @ - e .
It is given that the equations ay® + by + ¢ = 0 and by? + ¢y + a = 0 have a common root k.
R o & X
The coelficients a, b and ¢ are real, a and b are both non-zero, and ac # b=. Show that

a
(nrt — b‘) k=be—a’
and determine a similar expression involving k%, Hence show that

{m.' - l‘.l?:] (uh — (:2} = fht' - rcﬁjlz

and that a® — 3abe+ 0% + & = 0. Deduce that either k& = 1 or the two equations are identical.
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Question 4 (STEP |1 2007 Q6)

(i)  Given that 2% —y* = (r - y)* and that r — y = d (where d # 0), express each of x and
¥ in terms of d. Hence find a pair of integers m and n satisfying m —n = (ym — ﬁ}'i
where m > n > 100.

(ii)  Given that 2 —y* = (2 — y)* and that 2 —y = d (where d # 0), show that 3xy = d* —d?,

Hence show that
4d — 1

2r=d+d 3

. s + . agw . d L |
and determine a pair of distinet positive integers m and n such that m* —n? = (m —n)".

Solutions: (i) Example: m = 441,n = 225 (ii) Exampleem = 14,y =7

Question 5 (STEP |1 2006 Q3)

In this question b, ¢, p and g are real numbers.

(i) By considering the graph y = 2?2 + be + ¢ show that ¢ < 0 is a sufficient condition for
the equation 2? + bz + ¢ = 0 to have distinct real roots. Determine whether ¢ < 0 is a
necessary condition for the equation to have distinet real roots.

(i)  Determine necessary and sufficient conditions for the equation 2% 4+ bz + ¢ = 0 to have
distinct positive real roots.

(i) ~ What can be deduced about the number and the nature of the roots of the equation
23 +pr+q=0ifp>0andq<0?
What can be deduced if p < 0 and ¢ < 0?7 You should consider the different cases that
arise according to the value of 4p° 4 27¢%.

Question 6 (STEP |1 2005 Q3)

In this question a and b are distinct, non-zero real numbers, and ¢ is a real number.

(i)  Show thal, if @ and b are either both positive or both negative, then the equation

£ €I

_'_
r—a x-0b

has two distinct real solutions.

(i1} Show that the equation
__J:._._ 4 L =1+ec
r—a xT—h
4ab

a2

has exactly one real solution if ¢ = Show that this condition can be

a+b
a—b

2
written ¢? = 1 — ( ) and deduce that it can only hold if 0 < ¢ < 1.
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Question 7 (STEP 1 2004 Q1)

(1) Express (3 +2v5 _}3 in the form a + by/5 where a and b are integers.
(i)  Find the positive integers c and d such that /99 — 70,/2 = ¢ — dv/Z.

(iii)  Find the two real solutions of % — 1982% +1=10.

Question 8

[MAT 2003 1H]

Into how many regions is the plane divided when the following three
parabolas are drawn?

y=a’
y=x2 -2z

y=a>+2zx+2

Solution: 7

Question 9
[MAT 2003 1A]
Depending on the value of the constant d, the equation
de? —(d—1)z+d=0

may have two real solutions, one real solution or no real solutions. For
how many values of d does it have just one real solution?

for one value of d;

for two values of d;

for three values of d;

for infinitely many values of d.

Solution: Option 2
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Question 10

[MAT 2006 1B]

The equation
2+z—22)" =16

has

> real root(s)

Solution: 2 real roots

Question 11

[MAT 2013 14]

For what values of the real number a does the quadratic equation

2
r"t+ar+a=1
have distinct real roots?
a #= 2;
a > 2;

a=2;
all values of a.

Solution: a # 0

Question 12

[MAT 2011 1B]

A rectangle has perimeter P and area A The values P and A must
satisfy:

P> A
A2 >2P +1
P2 > 164
PA>A+P

Solution: Option 3
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Question 13

[MAT 2010 14]

The values of k for which the line y = kx intersects the parabola
y = (z — 1)* are precisely

E<0

k> —4
k>0o0rk < —4
—4 < k<0

Solution: Option 3

Question 14

[MAT 2009 1C]

Given a real constant ¢, the equation

zt = (z —c)2

has four real solutions (including possible repeated roots) for:

]

S
AN T FA
| 1A =
| = ™~
| A\
W] =

all values of e

Solution: Option 2
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1.3 EQUATIONS & INEQUALITIES (SIMULTANEOUS EQNS, QUADRATIC INEQUALITIES)

Question 1 (STEP 2010 Q1)

Given that . )
5r2 + 2y —6ry+dr—dy=a(r—y+2)° +bler+y)* +d,

find the values of the constants a, b, ¢ and d.

Solve the simultaneous equations

57% +2y° — 6y +4r — 4y =19,
6z + 3y° — 8ry + 8z — 8y = 14.

Question 2 (STEP 2008 Q3)

Prove that, if ¢ = a and d = b, then

ab+ed = be+ad. ()

(i) Ifz =y, use (*) to show that 2% + 3? = 2zy.
If, further, * = z and y = z, use (*) to show that z®> + ry = 7z + y2 and deduce that
:::2-0-?;24-::2 2 Ty +yz + zr.

Prove that the inequality =2 + 4> + 2% = zy + yz + 2z holds for all z, y and =.

(ii) Show similarly that the inequality

holds for all positive r, s and ¢.

Question 3

[MAT 2004 11]

Given numbers a, b, ¢, which of the following statements about the
simultaneous equations

2r+y=>5
ar +by=-c

is true?

There are no solutions when a = 2b and ¢ = 5b;
There is a unique solution when a = 2b and ¢ = 5b;

There are an infinite number of solutions when a = 2,
b=1ande=0;
There are no solutions when a # 2b and ¢ = 5b.
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Question 4

[MAT 2003 1E]

For which real numbers x does the inequality

I

{:1
2 +1 — 2

hold?

for all real numbers z;
for real numbers = < % and no others;

for real numbers & < 1 and no others;
none of the above.

Solution: Option 1

Question 5

[MAT 2006 1F]
The inequality

<1

1s true:

for no values of x
whenever —1 < x < 1,
whenever z > 1,
for all values of x.

Solution: Option 2

Question 6
{MAT 2014 1A]
The inequality
! < 8x2 49
Is satisfied precisely when:

Solution: —3 < x < 3
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Question 7

[MAT 2010 1J]

Let a, b, ¢ be positive numbers. There are finitely many positive whole
numbers x, y which satisfy the inequality

a® = ch?

a>lorb<1
a<lorb<1
a<landb<1
a<landb>1

Solution: Option 4

Question 8
[MAT 2012 1G]

There are positive real numbers x and y which solve the equations

2z + ky =4,
x+y==k

for:

all values of k;
no values of k:
k = 2 only;
only k > —2.

Solution: Option 3
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1.4 GRAPHS & TRANSFORMATIONS (CUBICS, QUARTICS, RECIPROCAL, TRANSFORMING, POINTS OF

INTERSECTION)
Question 1 (STEP 1 2013 Q2)

In this question, |r| denotes the greatest integer that is less than or equal to r, so that
29| =2=]2.0] and |-1.5] = -2.

The function f is defined, for = £ 0, by f{r) = % .

(i) Sketch the graph of y = f(x) for —3 < » < 3 (with = £ 0).

(ii) By considering the line y = {5 on your graph, or otherwise, solve the equation f(z) = 5.

1
Solve also the equations fixr) = % and f(x) = —1 .

(iii) Find the largest root of the equation f(x) = .

Give necessary and sufficient conditions, in the form of inequalities, for the equation f{z) = ¢
to have exactly n roots, where n = 1.

Question 2
[MAT 2005 1B]

The equation
(m2—|—1)m:2$—m2—2
has z = 2 as a solution;
has no real solutions;

has an odd number of real solutions;
has twenty real solutions.

Solution: Option 2
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Question 3

[MAT 2010 1H]

Given a positive integer n. and a real number k., consider the following
equation in

(z—1)(z—-2)(x—-3)x...x(x—n) =k

Which of the following statements about this equation is true?

If n = 3, then the equation has no real solution z for
some values of k.

If n is even, then the equation has a real solution =
for any given value of k.

If & = 0 then the equation has (at least) one real
solution .

The equation never has a repeated solution x for any
given values of k and n.

Solution: Option 3

Question 4
[MAT 2005 11]
The curve with equation
V7 Lt oyt yl2 =2
has
neither the z-axis nor y-axis as a line of symmetry.
the x-axis but not the y-axis as a line of symmetry;

the y-axis but not the z-axis as a line of symmetry;
both axes as lines of symmetry.

Solution: Option 2
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Question 5

[MAT 2004 1H]

A sketch of the curve with equation z%y? (z + y) = 1 is drawn in

Solution: (c)

Question 6

[MAT 2013 1D]

Which of the following sketches is a graph of ! — yﬂ =2y+1

I e |\
|

Solution: (b)
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Question 7

[MAT 2012 1E]

Which one of the following equations could possibly could possibly have
the graph given below?

y=0B-2) 3+2)(1-2)
yz—xﬂ(ﬁr—g)(xg—.‘&)
y=(z—6)(z -2z +2)°
y=(m2—1)2(3—m}

Solution: Option 4

Question 8

[MAT 2011 14]

A sketch of the graph y = P —r+1 appears an which of the
following axes?

A/ A

Solution: (c)
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Question 9
[MAT 2012 10]

Shown below is a diagram of the square with vertices (0,0), (0,1), (1,1)
; (1, D) and the line y = x + ¢. The shaded region is the region of the
square which lies below the line; this shaded region has area A (c).

Y=L+
1]

(&) ] (1 11} (K]

Which of the following graphs shows A (c) as c varies?

Ay Ade)

(&) (h)

Alc) Afe)

(c) (d)

Solution: (a)
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1.5 STRAIGHT LINE GRAPHS
Question 1 (STEP |1 2004 Q6)

The three points A, B and C have coordinates (p;, ¢1), (p2, g2) and (p3, g3), respectively.
Find the point of intersection of the line joining A to the midpoint of BC, and the line
joining B to the midpoint of AC. Verify that this point lies on the line joining C to the
midpoint of AB.

The point H has coordinates (p1 + p2 +p3, §1 + ¢2 + ¢3) . Show that if the line AH intersects
the line BC' at right angles, then 'p% + qf = p% + q§ , and write down a similar result if the line
B H intersects the line AC' at right angles.

Deduce that if AH is perpendicular to BC and also BH is perpendicular to AC, then O'H is
perpendicular to AB.

Question 2
[MAT 2004 1D]

What is the reflection of the point (3, 4) in the line 3z + 4y = 507?

Solution: (9,12)

Question 3

[MAT 2001 1C]

The shortest distance from the origin to the line 3z + 4y = 25 is:

Solution: 5

Question 4
[MAT 2014 10]
The reflection of the point (1, 0) in the line ¥y = ma has coordinates:

1-m? 2m )
1+m2’ 1+m?

Solution: (
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1.6 EQUATIONS OF CIRCLES
Question 1 (STEP |1 2013 Q5)

The point P has coordinates (x, y) which satisfy

4y +kry+3r+y=0.

(i) Sketch the locus of P in the case & = 0, giving the points of intersection with the
coordinate axes.

(ii) By factorising 3x? + 3y* + 10zy, or otherwise, sketech the locus of P in the case k = '3—':'.
giving the points of intersection with the coordinate axes.

(iii) In the case k = 2, let () be the point obtained by rotating P clockwise about the origin
by an angle #, so that the coordinates (X, Y) of @ are given by

X =recosf +ysind, VY =—rsinf +ycosf.
Show that, for # = 45°, the locus of @ is 2V = (V2X +1)2 — L.
Hence, or otherwise, sketeh the locus of F in the case k = 2, giving the equation of the
line of symmetry.
Question 2 (STEP 2009 Q8)
(i) The equation of the circle C is

(i)

(z—2t)2 4+ (y—t)? =12,

where t is a positive number. Show that C touches the line y = 0.
G touches the line 3y — 4z

Find the equation of the incircle of the triangle formed by the lines y = 0, 3y = 4z and
dy +3r=15.

Note: The incircle of a triangle is the circle, lying totally inside the triangle, that
touches all three sides.

Solution: (i) (x —2)? + (y—1)? =1
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Question 3 (STEP 2005 Q6)

(i)  The point A has coordinates (5,16) and the point B has coordinates (—4,4). The
variable point P has coordinates (z,y) and moves on a path such that AP = 2BP.

Show that the Cartesian equation of the path of P is

(x+7)% +y*=100.

(ii) The point C has coordinates (a,0) and the point D has coordinates (b,0). The variable
point () moves on a path such that
QC =kxQD,
where k > 1. Given that the path of ) is the same as the path of P, show that

a4+ T _uz+5_l_
b+7 BZ+51°

Show further that (@ 4+ 7)(b + 7) = 100, in the case a # b.

Question 4

[MAT 2007 1D]

The point on the circle
(z -5+ (y—4)7>=4

which is closest to the circle
(-1’ +(@y-17=1

Is:

Solution (3.4, 2.8)

Question 5

[MAT 2012 1A]

Which of the following lines is a tangent to the circle with equation

T+y=2
yzx—Zx/ﬁ
z =12
y=+v2—=z

Solution: Option 2
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Question 6

[MAT 2013 1H]
The area bounded by the graphs

y=+2—x? and ﬂ:!—l—(y@—l)y:y@

equals:

]

o1
Solution: iy

Question 7

[MAT 2005 1J]

The numbers x and y satisfy
(z—1)’+y* <1
The largest that y can be is:

Solution: 1 + /2

Question 8

[MAT 2006 1J]

The two circles with equations

@—a)’+(y—b)’ =r

(where 7 > 0) do not intersect if

Va1 Lr <1,
Va2 +2+1<r,
ﬁaﬁ—i—bﬁ—r}l,

all of the above.

Solution: Option 3.
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Question 9

[MAT 2016 11]

Let @ and b be positive real numbers. If 2+ y2 < 1 then the largest that
ax + by can equal is what?

Give your expression in terms of @ and b.

o

Solution: Va2 + b2

Question 10
[MAT 2016 1C]
The origin lies inside the circle with equation
? tar+y  +by=c

precisely when:

c>0

a?+ b2 >c
a2+ b <e
a?+b% > 4e
a?+b? < 4e

Solution: ¢ > 0
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Question 11

[MAT 2011 1F]
Given 6 in the range 0 < 8 < 7, the equation
x? +y* + 4z cosh + 8ysinf 4+ 10 =10

represents a circle for

U{H{%
3
% < 0 < T
0<0< 5
all values of @

Solution: Option 2

Question 12

[MAT 2009 1B]

The point on the circle

* +y° + 62+ 8y =75

which is closest to the origin, is at what distance from the origin?

s

Solution: 5
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Question 13 (AEA 2006 Q4)

The line with equation v = mx is a tangent to the circle C} with equation
x+4)7+(@-77=13.
(a) Show that m satisfies the equation

3m’+ 56m +36=0.
4

The tangents from the origin O to Cj touch C] at the points 4 and B.

(b) Find the coordinates of the points 4 and B.
(8)

Another circle C; has equation x> + 3 = 13. The tangents from the point (4, —7) to C touch it at
the points P and Q.

(¢) Find the coordinates of either the point P or the point Q.

2)

Question 14 (AEA 2005 Q1)

A point P lies on the curve with equation
4+t —6x+ 8y=24

Find the greatest and least possible values of the length OF, where O is the origin.

(6)
()(-—3\,1—1- [j,+u—)L = tu+ g4l = Y9 M|
Ot oo Cﬁlﬂﬁﬂ.;uﬁm (3,““4'))“;’(.«&-97 A
; .
pe = i atewr = & G|
o
cﬁ-*) - M
‘ Corov o s i,.rL of = S+
(o= Boear ™y

L_e_-,a- -fg—ﬂ--r/f'{ = g — — é Iic'[

©
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1.7 ALGEBRAIC METHODS (ALG FRACTIONS, DIVIDING POLYS, FACTOR THEOREM, PROOF)
Question 1 (STEP 12014 Q1)

All numbers referred to in this question are non-negative integers.

(i) Express each of the numbers 3, 5, 8, 12 and 16 as the difference of two non-zero squares.

(ii) Prove that any odd number can be written as the difference of two squares.

(iii) Prove that all numbers of the form 4%, where k is a non-negative integer, can be written
as the difference of two squares.

(iv) Prove that no nmumber of the form 4k + 2, where k is a non-negative integer, can be
written as the difference of two squares.

(v) Prove that any number of the form pg, where p and g are prime numbers greater than 2,
can be written as the difference of two squares in exactly two distinet ways. Does this
result hold if p is a prime greater than 2 and g = 27

(vi) Determine the number of distinet ways in which 675 can be written as the difference
of two squares.

Solutions: (vi) 6

Question 2 (STEP 1 2010 Q8)

(i) Suppose that a, b and ¢ are integers that satisfy the equation
a® + 3b% = 0.

Faxplain why a must be divisible by 3, and show further that both & and ¢ must also be
divisible by 3. Henece show that the only integer solution isa =b=c=10.

(ii) Suppose that p, g and r are integers that satisfy the equation
p* +2g* = 5rt.

By considering the possible final digit of each term, or otherwise, show that p and g are
divisible by 5. Henee show that the only integer solution is p=g=r =10.

Question 3 (STEP 1 2009 Q1)

A proper factor of an integer N is a positive integer, not 1 or N, that divides V.

(i) Show that 3% x 5* has exactly 10 proper factors. Determine how many other integers of
the form 3™ x 5™ (where m and n are integers) have exactly 10 proper factors.

(ii) Let N be the smallest positive integer that has exactly 426 proper factors. Determine NV,
giving vour answer in terms of its prime factors,

Solution: (ii) 15
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Question 4 (STEP 1 2008 Q1)

What does it mean to say that a number x is irrational?
Prove by contradiction statements A and B below, where p and g are real numbers.
A: If pg is irrational, then at least one of p and g is irrational.
B: If p + g is irrational, then at least one of p and g is irrational.
Disprove by means of a counterexample statement C helow, where p and g are real numbers.

C: If p and g are irrational, then p + g is irrational.

2

2l - .
If the numbers e, 7, 7=, e~ and e are irrational, prove that at most one of the numbers = +e,

2 2 3 . .
T —e, m — e, 72 + e? is rational.

Question 5 (STEP |1 2007 Q1)

A positive integer with 2n digits (the first of which must not be 0) is called a balanced number
if the sum of the first n digits equals the sum of the last n digits. For example, 1634 is a
4-digit balanced number, but 123401 is not a bhalanced number.

(i) Show that seventy 4-digit balanced numbers can be made using the digits 0, 1, 2, 3
and 4.

(ii) Show that ['—51.: (k<41)(4k +5) 4-digit balanced numbers can be made using the digits
0 to k.

L1
You may use the identily }:;] = [1_ n(n+1)(2n+1).
=

Question 6 (STEP 1 2005 Q1)

47231 is a five-digit number whose digits sum to 4 + 7+ 2+ 3+ 1 =17.

(1) Show that there are 15 five-digit numbers whose digits sum to 43. You should explain
your reasoning clearly.

(ii)  How many five-digit numbers are there whose digits sum to 397

Solutions: (ii) 210 arrangements

Question 7 (STEP 1 2004 Q3)

(i)  Show that x — 3 is a factor of

a® — bz’ + 22y + zy® — 8zy — 3y’ + 6z + 6y . (*)

Express (#) in the form (z — 3)(z + ay + b)(z + cy + d) where a, b, ¢ and d are integers
to be determined.

(i)  Factorise 6y — 3% — 21y + 22° + 12z — 4oy + z?y — 5zy® + 10 into three linear factors.

Solutions: (i) (x —3)(x+y—-2)(x+y) (i)(y+2)(x—2y+1)(x—3y+5)
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Question 8

[MAT 2006 1E]
The cubic

T +ar+b

has both (x — 1) and (z — 2) as factors. Then

a= .b:

Solution:a = —-7,b =6

Question 9
[MAT 2016 1F]
Let n be a positive integer. Then z? + 1is a factor of
(3+a%)" - (22 +3)"(=* - 1)"

for
alln
evenn
odd n

n=23
no values of n

Solution: Option 2
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Question 10

[MAT 2009 1]]

The polynomial

n2z2" 3 _ 9502 1 15027

has 2 — 1 as a factor

for no values of n;

forn = 10 only;

forn = 15 only;

forn = 10 and n = 15 only;

Solution: Option 2

(Note: Knowledge of arithmetic series helpful)

[MAT 2008 1D]

When 1 + 32 + 522 + 72 +. .. +99z%

is divided by x — 1 the remainder is

Solution: 2500
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1.8 BINOMIAL EXPANSION (INCLUDING FACTORIAL NOTATION)
Question 1 (STEP 1 2013 Q6)

By considering the coefficient of ™ in the series for (1 + 2)(1 + z)™, or otherwise, obtain the
following relation between binomial coefficients:

(“)+(”’)=(”‘+l) (1<r<n)
T r—1 T

The sequence of mumbers By, By, B, ... is defined by

m = m

2m — 2m+1-k

B () e E ()
j=0 k=0

Show that Bpys — Bpp1 =B, (n=0,1,2,...).

What is the relation between the sequence By, By, Ba, ... and the Fibonacei sequence Fy, F,

Fo, .. defined by Fo=0Fy=1and Fy, =F, 1+ F, o forn =27

Solutions: (iii) B, = Fj,44 forall n.

Question 2 (STEP 12011 Q8)

(i) The numbers m and n satisfy
m* =n*+n*+1. (#)

(a) Show that m > n. Show also that m < n + 1 if and only if 2n% + 3n > 0. Deduce
that n < m<n+1unless -3 <n<0.

(b) Henece show that the only solutions of (#) for which both m and n are integers are
(m,n) =(1,0) and (m,n) = (1,—1).

(ii) Find all integer solutions of the equation

=g +2¢-1.

Solutions: (ii) (p, q) = (—1,0),(—1,-2),(0,—-1)
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Question 3 (STEP 1 2010 Q5)

By considering the expansion of (1 4+ z)" where n is a positive integer, or otherwise, show
that:

0 () () Q) 0)r
) 2(5) o))
)43 (1) +3(5) o5 (0) e -0

Question 4
[MAT 2014 1G]
Let n be a positive integer. The coefficient of mayg’ in the expansion of
(1+zy+9°)"

equals

n
2?‘1

() (%)
o(3)
(%)

Solution: Option 3
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Question 5

[MAT 2009 1J]

The number of pairs of positive integers x, y which solve the equation

z° + ﬁ:x:zy + 12133;2 + 8y3 — 930

[
0
26
29 _1

Solution: Option 3

Question 6 (AEA 2013 Q1)

[n the binomial expansion of

{ 12n ]n
l+—x
5

the coefficients of x~ and x~ are equal and non-zero.

(a) Find the possible values of n.

(4)
(b) State, giving a reason, which value of n givks a valid expansion when x = &
(2)
Question Scheme Marks Notes
(a) IEV TR B 4 533 For attempting
M ]"_HJ :M(l'_” Ml suitable equation.
2! 5 3! 5 Ignore xs but must
use bmomial.
5= _2 Y a1 ANt 8/ 5= Al Correct 3TQ in n
3x5=n(n-2)x12 or 4n" —-8n—-5=0 (oe.) May be other factors
(2n+1)2n-5)=0 dM1 Dep on 17 M1
n=-123 Al Both & no others
i unless revoked later
S
(b) . [12mx 1 oives 5 dnes 12nx| . L1 Attempt both cases
n=—7in|——<lgives |x < amdn=7in = gives |;\,|<:E M Just check n = —4
SCB1
So should choose n=-1 Al(2)
May subx = % and get [n| <  for M1 and A1l for stating n=—1 (6)
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1.9 TRIGONOMETRIC RATIOS (SINE/COSINE RULE, AREAS, GRAPHS)

Question 1 (STEP | 2009 Q4i)

The sides of a triangle have lengths p — g, p and p + g, where p = g = 0. The largest and
smallest angles of the triangle are o and 3, respectively. Show by means of the cosine rule
that

41 —cosa)(l —cos3) =cosa+cos 3.

Question 2 (STEP |1 2007 Q5)

Note: a regular octahedron is a polyhedron with eight faces each of which is an equilateral
triangle.

(i) Show that the angle between any two faces of a regular octahedron is arccos {—l,’)

(ii) Find the ratio of the volume of a regular octahedron to the volume of the cube whose
vertices are the centres of the faces of the octahedron.

Solution: (ii) 9: 2

Question 3 (STEP |1 2006 Q8)

Note that the volume of a tetrahedron is equal to 1, x the area of the base x the height.

The points O, A, B and C have coordinates (0,0, 0), (a,0,0), (0,b,0) and (0,0, ¢), respectively,
where a, b and ¢ are positive.

(i)  Find, in terms of a, b and ¢, the volume of the tetrahedron OABC.

(i)  Let angle AC'B = #. Show that

o2

cosl =

V(@@ + )+ )
and find, in terms of a, b and ¢, the area of triangle ABC.

Hence show that d, the perpendicular distance of the origin from the triangle ABC, satisfies

l_1+1+l
a2 a? B e?
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Question 4

[MAT 2011 1E]

The circle in the diagram has centre C'. Three angles a, 3, 7y are also
indicated.

The angles a, 3, -y are related by the equation:

cosa = sin(f8 + )
sin = sin « sin vy
sin (1 — cosa) = sinvy

sin(a + ) = cosysina

Solution: Option 2

Question 5 (AEA 2009 Q5)

(a)

(b)

The sides of the triangle ABC have lengths BC =a, AC=5band 48 =¢, wherea<b <c¢. The
sizes of the angles 4, B and C form an arithmetic sequence.

. . : V3
(1) Show that the area of triangle ABC is ac e

4
Given that ¢ =2 and sin 4 = %, find
(11) the value of b,

(2)
(111) the value of ¢.

(€))

The internal angles of an n-sided polygon form an arithmetic sequence with first term 143° and
common difference 2°.

Given that all of the internal angles are less than 180°, find the value of n.
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(a) A 6+(6+a)+(0+2a)=180
(i) (/ 36+ 3
: ~B=(0+a)
5 3
=lac¥ — g *
fac Ew
(i1)
Sine Rule - _b = .a OR 1 besind =
sin(6 + &) sin A4 2
5 3
b = 2x X ——=4/5
Vs 2 T
12 g ¥
(if1) | Cosine Rule b= =a’+¢’ —2accos(f+a)
1
5 =4+’ —2x2xe —
2
0 =c¢’-2¢-1 OR c?-242+1
24444
c =
2
¢ =1+2 OR  (3+2y2)
(b) .
S,=-Rx13+2(n-1] = n(142+n)}
Sum of internal angles = 1%0 (n-2)

ni{l42+n)=180(n —-2) = 0=n" —38n +360
0=(n —19)° - 19%+ 360
n—19=+1 (n =20o0r18)
w20=143+19 x 2> 180
ul8=143+17 x 2 <180
Ln=18

Internal angles all <180

=180
=60°

ac«fg

M1

Al

M1

Al

M1

Al

M1

M1

M1

Al

M1

B1
Al

M1

Al

“)

(2)

(4)

()
[15]

Equate S ;=180

Show B =60°

Use of % acsin B

Correct use of sine
rule or Lpesin 4 and

(@)

Use of cos rule
where all terms are
known, except c.

Sub & smmplify -
3TQ

Solving

For use of S5,

needn’t be
simplified.

Correct 3TQ.

Attempt to solve
relevant 3TQ

|5+
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1.10 TRIGONOMETRIC IDENTITIES & EQUATIONS

Question 1

[MAT 2014 1E]

As x varies over the real numbers, the largest value taken by the function
. 2
(4sin®z +4cosz + 1)
equals

Solution: 36

Question 2

[MAT 2010 1C]

In the range 0 < & << 2, the equation

2

gsinz - 3sinrcosT - 2cosix =0

has
e solution(s)

Solution: 4 solutions

Question 3
[MAT 2008 1C]

The simultaneous equations in &, y,

(cosf)x — (sinf)y = 2
(sinf)z + (cosf)y =1

are solvable

for all values of @ intherange 0 < 8 < 2w

except for one value of #intherange 0 < 6@ < 27
except for two values of @ in the range 0 < 6 < 27
except for three values of @inthe range 0 < 8 < 2m

Solution: Option 1
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1.11 VECTORS (ONLY MAGNITUDE/DIRECTION, POSITION VECTORS)

Question 1 (STEP 12013 Q3)

For any two points X and Y, with position vectors x and y respectively, X * 1 is defined to
be the point with position vector Ax + (1 — A)y, where A is a fixed number.

(i) If X and Y are distinct, show that X Y and ¥ + X are distinct unless A takes a certain
value (which you should state).

(ii) Under what conditions are (X *¥) % Z and X (Y % Z) distinet?
(iii) Show that, for any points X, ¥V and Z,
(X+Y)+Z = (X+Z)* (Y +2)
and obtain the corresponding result for X = (¥ = Z).

(iv) The points Py, Po, ..  are defined by Py = X Y and, forn = 2, B, = P,_1 =Y . Given
that X and ¥ are distinet and that 0 < A < 1, find the ratio in which F, divides the
line segment XY,

Question 2 (STEP 2010 Q7)

Relative to a fixed origin O, the points A and B have position vectors a and b, respectively.
(The points O, 4 and B are not collinear.) The point " has position vector ¢ given by

c=aa+ Gb,

where o and 3 are positive constants with o + 3 < 1. The lines 04 and BC meet at the
point P with position vector p and the lines OB and AC meet at the point §) with position

vector . Show that
aa

P-15

and write down q in terms of o, J and b.

Show further that the point R with position vector r given by
aa + b
a+8

lies on the lines OC and AB.
o) 3 05

The lines OF and PR int t at th int 5. P that — = —;.
e lines Al intersect at the poin rove BQ _ BS
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1.12 DIFFERENTIATION (TANGENTS/NORMAL, STATIONARY POINTS, SKETCHING GRAD FUNCS)

Question 1 (STEP |1 2014 Q8)

Let L, denote the line joining the points (a,0) and (0,1 — a), where 0 < a < 1. The line L
is defined similarly.

(i) Determine the point of intersection of L, and Ly, where a # b.

(ii) Show that this point of intersection, in the limit as b — a, lies on the curve C' given by

y=(1-vz)! (0<z<1).
(iii) Show that every tangent to ' is of the form L, for some a.

Solution: (i) (ab, (1 — a)(1 — b))

Question 2 (STEP 12012 Q2)

(i)  Sketch the curve y = ' — 62° + O giving the eoordinates of the stationary points.

Let n be the number of distinet real values of ¢ for which
6t + b =0.

State the values of b, if any, for which (a)n=0; (h)m=1; (ejn=2; (d)n=3;

(e) n=4.

(ii) For which values of a does the curve y = r* — 622 4+ ax + b have a point at which both
dy dy
E = () and F =07

For these values of a, find the number of distinet real values of © for which
' —6r’ +ar+b=0,
in the different cases that arise according to the value of b

(iii) Sketch the curve y = ! — 622 4+ ar in the case a > &

Question 3 (STEP 1 2012 Q4)

The curve ' has equation ry = % The tangents to C' at the distinet points P(p. %} and

Q(q,}} where p and g are positive, intersect at T and the normals to ¢ at these points
intersect at N. Show that T is the point

(5 72)
pt+qg p+q)

In the case pg = 3, find the coordinates of V. Show (in this case) that T and N lie on the
line y = r and are such that the product of their distances from the origin is constant.
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Question 4 (STEP |1 2008 Q5)

The polynomial p(x) is given by

n—1
plz)=z"+ 3 arz",
r=>0
where ay, ay, ..., a,_ are fixed real numbers and n = 1. Let M be the greatest value of

[p(z)| for |z| € 1. Then Chebyshev's theorem states that M = 21—,

(i) Prove Chebyshev's theorem in the case n = 1 and verify that Chebyshev's theorem holds
in the following cases:
(a) plx)=a®—g;
(b) p(z)=a*—=z.

(ii) Use Chebyshev’s theorem to show that the curve y = 642°+ 252" — 662 — 242 + 3z +1
has at least one turning point in the interval —1 < = < 1.

Question 5 (STEP |1 2007 Q8)

A curve is given by the equation
y = ar® — Gaz® + (12a 4 12) x — (8a + 16) , (*)
where a is a real nunber. Show that this curve touches the enrve with equation
y=a ()
at (2, 8). Determine the coordinates of any other point of intersection of the two curves,
(i)  Sketch on the same axes the enrves (#) and (##) when a = 2.

(ii) Sketch on the same axes the curves (#) and (##) when a = 1.

(iii) Sketch on the same axes the curves () and (=) when a = —2,
3
Solution: (Zaajf, [zaajf] ) (i) Touch at (2,8), intersect at (8,512), no turning points (ii) touch at (2,8),

do not intersect elsewhere, and has no turning points, (iii) Touch at (2,8), intersect at (0,0), turns at
x=2++2

Question 6 (STEP | 2006 Q2)

A small goat is tethered by a rope to a point at ground level on a side of a square barn which
stands in a large horizontal field of grass. The sides of the barn are of length 2a and the rope
is of length 4a. Let A be the area of the grass that the goat can graze. Prove that A £ 14wa?
and determine the minimum value of A.

Solution:

Let the goat be tethered a distance z from a corner. Therefore, the goat can graze an area

_ 16a’x  (da—z)* = h (20 —z)*m i [2&.+:n]21-r+ (z)% -

A i (56a° + 4z° — Bax)

2 4 4 4 4

So the area prazed A = n [13&3 + (r= a]z]. This is minimised when x = a, and maximised
when z = 0 or 2z (since 0 < = < 2a), hence 13ma® < A < 147a’.
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Question 7 (STEP |1 2006 Q4)

By sketching on the same axes the graphs of y = sinz and y = z, show that, for z > 0:
(i) z > sinz;

(ii) E? s 1 for small z.

A regular polygon has n sides, and perimeter P. Show that the area of the polygon is
P?
nan (2)
n

Show by differentiation (treating n as a continuous variable) that the area of the polygon
increases as n increases with P fixed.

Show also that, for large n, the ratio of the area of the polygon to the area of the smallest
circle which can be drawn around the polygon is approximately 1.

Question 8 (STEP 1 2005 Q2)

The point P has coordinates (pz,_ 233} and the point Q has coordinates [fr,l{ Qq}, where p and g
are non-zero and p # g. The curve ' is given by y* = dz. The point R is the intersection of
the tangent to C at P and the tangent to C at €. Show that R has coordinates (pq, p + q).

The point S is the intersection of the normal to €' at P and the normal to €' at ¢, If p and ¢
are such that (1,0) lies on the line PQ, show that § has coordinates (p” + @+ 1 p+ q), and
that the gquadrilateral PSQR is a rectangle.

Question 9

[MAT 2004 1C]

The turning point of the parabola
y=1z>—2azx+1

Is closest to the origin when:

a=1~0

|
H_
[

Solution: Option 4
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Question 10
[MAT 2004 1B]

The smallest value of the function
f(z) =22* —92% + 122+ 3

intherange 0 << x << 2 is:

i

Solution: 3

Question 11

[MAT 2001 1]

The maximum gradient of the curve y = =* — 42° + 42 4+ 2in the
range 0 < & < 2% occur when:

rz=20
:1?:1—%
mzl—l—%
.1’:2%

Solution: Option 4

Question 12

[MAT 2015 18]
f(z)=(z+a)

where a is a real number and n is a postive whole number, and n = 2. If
y = f(x)andy = f' () are plotted on the same axes, the number of

intersections between f (x) and f' (z) will:

always be odd,

always be even,

depend on a but not n,
depend on n but not a,
depend on both a and n.

Solution: Option 2
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Question 13
[MAT 2014 1C]
The cubic
y=ke— (k+1)2*+2-k)z—k

has a turning point, that is a minimum, when = 1 precisely for

k>0
0<k<1

k> 5
k<3
all values of k

Solution: k > %

Question 14

[MAT 2013 1E]

The expression
d* 4 5 d 4 2
2 l(2c—1)'(1—2) } +E{(2m+1) (322 — 2) }

Is a polynomial of degree:

less than 7.

Solution: 8
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1.13 INTEGRATION (INTEGRATING POLYNOMIALS, AREAS UNDER/BETWEEN CURVES)
Question 1 (STEP 1 2014 Q3)

The numbers a and b, where b = a = 0, are such that

b b 2
[ r?dz = (f :1'{1.1') .
o I a

(i) In the case a =0 and b = 0, find the value of b.

(ii) In the case a = 1, show that b satisfies
3 — b —Th—7=0.

Show further, with the help of a sketch, that there is only one (real) value of b that
satisfies this equation and that it lies hetween 2 and 3.

(iii) Show that 3p? + ¢* = 3p?q, where p = b+ a and g = b — a, and express p? in terms

of g. Deduce that 1 < b—a < %

Question 2

[MAT 2005 1A]

The area of the region bounded by the curves y = z? and y=x+2
equals

74

.9
Solution: >

Question 3

[MAT 2016 1H]

Consider two functions

f(z) =a—2°

glz)=z'-a

For precisely which values of a > 0 is the area of the region bounded by
the x-axis and the curve y = f (x) bigger than the area of the region

bounded by the x-axis and the curve y = g (x)?

. 6\*
Solution: a > (E)
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Question 4

[MAT 2015 1D]
Let

f(x) = [ (zt)’dt, and g(z)= [T tdt

Let A = 0. Which of the following statements are true?

g (f(A)) is always bigger than f (g (A)).

f(g(A)) is always bigger than g (f (A)).

They are always equal.

f(g(A))isbiggerif A < 1,and g(f(A)) is bigger
ifA> 1.

g(f(A))isbiggerif A < 1and f(g(A)) is bigger if
A>1

Solution: Option 2

Question 5

[MAT 2011 1G]

A graph of the function y = f(z) is sketched on the axes below:

y

=7 -1 0 1 2
The value of [ f (22 — 1) dz equals

. 2
Solution: 3
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Question 6

[MAT 2009 1A]

The smallest value of

I(a) = /01 (2% — a) 'da

as a varies, is

. 4
Solution: —
45

[MAT 2014 1J]

For all real numbers x, the function f (z) satisfies
6+ f(z) = 2f (—z) + 322 (f f t}dt)
1
tfollows that [~ f(z) dz equals

Solution: 4

Question 7

[MAT 2012 1F]
Let

x

T = (J'"_E_, cos{m}dm) X (f:” sin{::-:}d:t:) (fﬂ m)
Which of the following is true?
T = 0:;
T < 0

T > 0;
T is not defined.

Solution: T < 0
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Question 8

[MAT 2010 11]

For a positive number a, let
I(a)= [ (4 —27) do
Then % — 0 when:

Solution: @ = V2

Question 9
[MAT 2007 1H]

Given a function f (z), you are told that

[, 3f (x)dx + [P 2f (x)dx =T
Jo f(@)dz+ [ f(z)de =1

It follows that J‘:f f (z) dz equals:

Solution: 2

Question 10 (AEA 2007 Q2)

(@) On the same diagram, sketch vy =x and y = +x, for x = 0. and mark clearly the coordinates of

the points of intersection of the two graphs.

(&) With reference to your sketch, explain why there exists a value a of x (a = 1) such that

J‘.T dv = J‘ Vx dx.
o o

{¢) Find the exact value of a.

{d) Hence, or otherwise, find a non-constant function f{x) and a constant & (5 = 0) such that

b b
J‘ f(x) dv = J‘ VIE ()] dx.
- -
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1.14 EXPONENTIALS & LOGARITHMS (EXPONENTIAL MODELLING, SOLVING LOG EQUATIONS)

Question 1 (STEP 12013 Q8)

(i) The functions a, b, ¢ and d are defined by

alr)=1? (—m << x),
biz)=Inzx (xr=10),
elr)=2r (—o0 <2< o),
diz) == (z=0).
Write down the following composite funetions, giving the domain and range of each:

ch, ab, da, ad.

(ii) The functions f and g are defined by
fx) = v2? -1 (|z[ = 1),
glr)=vrt+1 (—oco<r <o)

Determine the composite funetions fg and gf, giving the domain and range of each.

(iii) Sketch the graphs of the functions h and k defined by
hir)=r++vx?-1 (r=z1),
kKr)=z-v2?-1 (|z|=1),

justifving the main features of the graphs, and giving the equations of any asymptotes,
Determine the domain and range of the composite function kh.

Question 2

[MAT 2005 1C]

Given that
log,,2 = 0.3010t0 4 d p. and that 10°% < 2

it Is possible to deduce that

2100 begins in a 1 and is 30 digits long;
2100 begins in a 2 and is 30 digits long;
2100 begins in a 1 and is 31 digits long;
2100 begins in a 2 and is 31 digits long.

Solution: Option 3
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Question 3
[MAT 2002 1F]
Observe that 2° = 8 2° =32 32 = 9and 3° = 27.

From these facts, we can deduce that l{:rg? 3, the logarithm of 3 to base 2,
IS

between 1% and 1%
between 1% and 1%

between 1% and 2

none of the above

Solution: Option 2

Question 4

[MAT 2015 1J]

Which is the largest of the following numbers?

Solution: \/77
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Question 5

[MAT 2015 1H]
How many distinct solutions does the following equation have?

log,:, (4 — 5a* — 6z%) =2

None
1
2
4

Infinitely many.

Solution: 2

Question 6
[MAT 2013 1J]

For a real number & we denote by [3:] the largest integer less than or
equal to x.

Let n be a natural number. The integral
j?[?ﬂdx

equals

logy((2" — 1)!);
n2" — logy((2™));
n2";

logy((2)!).

Solution: Option 2
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Question 7

[MAT 2013 1F]
Three positive numbers a, b, ¢ satisfy

log,a =2,
log,(c —3) =3,
log, (e+5)=2

This information:
specifies a uniquely;
is satisfied by two values of a;

is satisfied by infinitely many values of a.
is contradictory.

Solution: Option 1

Question 8

[MAT 2012 1C]

Which is the smallest of the following numbers?

(v3)
log, (92)

(3 sin %)2

log, (log2 (85))

Solution: Option 4

Question 9

[MAT 2011 1H]

The number of positive values x which satisfy the equation

r =88 _glaT _ g8 | Jog 025

W N = O

Solution: 2
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Question 10

[MAT 2010 1E]

Which is the largest of the following four numbers?

Solution: Option 1

Question 11

[MAT 2008 1B]

Which is the smallest of these values?

Solution: log g

Question 12

[MAT 2007 11]

Given that @ and b are positive and

2 2
4(logypa)” + (logypb)” =1
then the greatest possible value of a is

Solution: V10
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Question 13 (AEA 2012 Q5)

[In this question the values of a, x, and » are such that @ and x are positive real numbers, with
a>1l,x= a,x = | and n is an integer with n > 1]

Sam was confused about the rules of logarithms and thought that

log, x" =(log, x)" (1)

(a) Given that x satisfies statement (1) find x in terms of a and ».

(3)
Sam also thought that
log, x+log, x* +..+log, x" =log, x+(log, _r]: +..+(log,x)"  (2)
(b) Forn=3, x and x, (x, > x,) are the two values of x that satisfy statement (2).
(i) Find, in terms of @, an expression for x, and an expression for x, .
e X,
(i1) Find the exact value of log | —|.
Xy 5
2 (3)
(c¢) Show that if log, x satisfies statement (2) then
2(log, x)' —n(n+1)log, x+(n’ +n—2)= 0
(6)
Qu Scheme Mark Notes
@ | log, x" =(log, x)" = nlog, x = (log, x)" M1 F‘;e of the power rule to
Za Sa Za Sa orm an equation
i 1 Attempt root to get an
n= {loga x} = log, x=n""! M1 expression for log
=
x=a" (o.e) Al
®) ® (log, x}s +(log, x}z—Slogax=D or [logax]3—610ga_r+5={) M1 Use n =3 to get either
—144/2 ; )
Let u=log, x and solve &’ +u—5=0 —u= % M1 ;;:?;E: t:u?dl:ﬁc_
=hfA S
x=a -’l._wr_?:al-’L Al
(b)(ii) - \ _ 7 _1_. Use logx - logy rule and
log | 2 | =log x, —log, x, = 1+¥21 —1-v2l M1 attempt to sub values
,_ak X, .,: Za Sag 2 2 2 for x
=421 Al (5)
(© | LHS = log_x(1+2+..+n Aftempt to use power
=4 ( ] MI rule on all of LHS
(n(n+1)
= Loga .T‘ n(n—) ; A]
o2 )
r n M1 Identify and attempt
RHS = log, x '_(loga J() _1:| sum of GP
log, x-1 Al
r n Equate and attempt to
1 (n(n+1)) 1}1@5/1'_(10& x) _1:| dM1 simplify to given
Equate: /an/r‘ 5 | = loo x—1 answer. Dep on bothMs
log, x[n(n+1)]—(n" +n)=2(log, x)" —2 leading to answer A1(6) |
[14]
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Question 14 (AEA 2010 Q1)

(a) Solve the equation
V3x+16)=3+4(x+1)

(3
(b) Solve the equation |
log,(x—7)—=log; x=1-log, 2
(7
1) | 35 416=0+x+1+64x+1 M1 Initial squaring -both sides
3+x=3x+1 (0.e.) Al Correct collecting of terms
9+6x+x2=9(x+1)  or y=yx+1—>3TQiny Ml i": squating
X' =3x=0 or (_1-‘—2)(}'—1)=0 Al Both values
x=0or3 ) B1 (5) | (S+ for checking values)
For use of nlogx rule
(b) | Hlog, x=log, x Bl
- For reducing s to a single log
log, (x—7) - log, ¥ =log, ~— M1
0g;(x = 08; VX =10g; J; M1 for getting out of logs
) . Al for correct equation
So 2x-14= 3-\}'; (0.2. all x terms on same line) MIAL1
' 2 Attempt to solve suitable
:["/;) _5\/_-_14=0 M1 3TQinxor +/x
(2\/; - -’)(J; + 2] =0 Either solution for +/x or
7 x. Must be rational a/b
V== or -2 Al
2 49/4 oe only
49 Al (") (S+ for clear reason for
sz rejecting x=4)
[12]
Question 15 (AEA 2008 Q5)
(1) Anna, who 15 confused about the rules for logarithms, states that
f Yo _ [ 2
[log, p ) = log, ( 2|
and log.(p +g)=log,p+log, q
However, there 15 a value for p and a value for ¢ for which both statements are correct.
Find the value of p and the value of ¢.
(M
(1) Solve
log (3x* — 237 + 40x)
= = 0.5+ log,(3x — 8).
log, 9 :
(M
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B ‘:I,'([ghﬂl = Inssqgl) ' (l“}s P)L = Zlog,p ‘:Uur. nlogx rmle (M|
# . ’ lﬂﬁj?(""'ﬁl:l} .-'.2.) aD 13,‘;- ‘. .]hﬁ, p= =] .'.P =1 F" .
ar .'IM:P-=?‘.- _"_P;q . - Pfi
logg(peg) =lomap v leas g > lomalpeg) = basleg) We oF logx sy el M
D = P9 e 4=
Bt B 1 S i 4, Hesnlct| M1
q"p-t f L[S frpgtd M. ()
: e
P =4 = 49 = —%
() log;9= 2 o Seen dguker (Bl
N petla ity [
(wr-8) oukof logs MI
Q) ~2allOx - 7 Cor © e |
Gn9" %h&vgﬂnﬁ Ml
. ERLS mah,
1(‘5}“&1("-"’_5_} = 3 %1‘_4% _‘.‘H,. =0 E L . Al
(T -%) = wio o 4% =0 17q {acumd? Q)
= e ~L
at—Cx= G-l 6 > xs() or 1% (grerex =2 ad% M1 ; AL (#)
(: 2 (e -2) = [m'iﬁ Lot here lose el A1) Lsmhﬁrm:-_;fz::n i @

Question 16 (AEA 2006 Q3)

Given thatx >y >0,

(a) by writing log, x =z, or otherwise, show that log, x = !
o

(b) Given also that logy y = log, x, show that y = 1 .
x

(¢) Solve the simultaneous equations
log,y y=log, x,

logy (x —y) =logy (x +y).
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2 YEAR2

2.1 ALGEBRAIC METHODS (PROOF BY CONTRADICTION, PARTIAL FRACTIONS)

(No questions available)
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2.2 FUNCTIONS & GRAPHS (MODULUS, MAPPING, COMPOSITE, INVERSE, SOLVING MODULUS
EQUATIONS)

Question 1

[MAT 2006 11]

The equation

lz| + |z —1/=0
has
V% solution(s)

Solution: 0

Question 2
[MAT 2014 1F]
The functions S and T are defined for real numbers by
S(r)=z+1 and T(z)= -z

The function S is applied s times and the function T is applied ¢ times, in
some order, to produce the function

F(z)=8—=z

It 1s possible to deduce that:

s=8andt = 1.

s is odd and t is even.
s is even and t is odd.
s and t are powers of 2.
none of the above.

Solution: s =8andt =1
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Question 3
[MAT 2011 1J]

The function f (n) is defined for positive integers n according to the rules

f()=1
f(2n) = f(n)
f@n+1)=(f(n)* -2

The value of f (1) + f(2) + f(3)+...+f(100) is

Solution: -86

Question 4
[MAT 2013 1]]

The function F' (k) is defined for positive integers by F'(1) = 1,
F'(2) =1, F(3) = —1 and by the identities

F(2k) = F (k)
F(2k+1) = F (k)

for k = 2. The sum
F(1)+ F(2)+ F(3)+...+F(100)
equals

Solution: 28

Question 5

[MAT 2013 1C]
The functions f, g and h are related by
Fz)=g(z+1). ¢(z)=h(z-1)

It follows that f" (2z) equals:

h(2z 4+ 1);

2h' (2z);

h (2z);

4h (2z).

Solution: h(2x)
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Question 6

[MAT 2010 1G]

The function f, defined for whole positive numbers, satisfies f (1) =1
and also the rules

£(@2n) =2f(n)
f@n+1)=4f(n)

for all values of n. How many numbers n satisfy f (n) = 16?

Solution: 5

Question 7 (AEA 2013 Q7)

Figure 1

Figure 1 shows a sketch of the curve € with equation y = f(x) where

=242 X £0
3 x

The lines x = 0 and y = — are asymptotes to C,. The point 4 on C| is a minimum and the point B
3
on C, is a maximum.

(a) Find the coordinates of 4 and B.

“4)

There is a normal to €, which does not intersect C, a second time, that has equation x = k, where
k= 0.

(b) Write down the value of k.

(1)
The point P (&, ), a > 0 and @ 2k, lies on C,. The normal to C, at P does not intersect C,
a second time.
(c) Find the value of a, leaving your answer in simplified surd form.

(3)
(d) Find the equation of this normal.

3)

The curve C, has equation y = [f{x)|

(e) Sketch C, stating the coordinates of any tuming points and the equations of any asymptotes.
4)

The line with equation y =mx + 1 does not touch or intersect C, .

(f) Find the set of possible values for m.

www.drfrostmaths.com



Question Scheme Marks Notes
@) f'(x)= %— 12x7 M1 Some correct diff
f'(:{') —0=>2 =36 M1 £7(x) =0 to give X’=..
Sod(6.4) and B (—6.—4) [17 Al for + 6 or (6. 4)] | A1A1 2 Al is cso
4
(b) | k=6 (Allow k=+6) Blft
(1)
(¢) | Grad of normal = 1 . so gradient of tangent must be -3 B1M1 | M1 for perp. rule
S+ for B1 1 s 1 1 Form a suitable eqn
comment So 3= 3 12x~ f'(x)=-3 or T} = 3 dM1 using their £(x)
x
36 6 3 B dM1 Solving suitable eqn
=" so (a=)—— or T\fl_() or 3J; Al pyJa wWhereporg is
10 *J’E > > an integer
(5)
() V1o 12410 11
y coord: B = - ;f_ =2.24/10 or TJE M1 Attempt y coord
Equation of normal is:  y—f=1(x—a) M1 fit their erand §
Must be values and
m=1
ie. y=%x+2\@ (0.2) Al
(3)
(e) LS Shapc Bl Both branches
~— - _ - Follow through
/ \, (6.4): (-6.4) Blit their 4 and B
) "'{_E;'Jo' T Asvmptotes
x =0 y=+lx B1B1 | -1 each omission
s u o y=|3| isOK
@ |
() | If intersect then line = curve gives: (3m—1)x" +3x—36=0 MI Aﬂemfi}h;‘;;
curve
§+ for t Disciminant <0 gives: 9 <4x(3m—1)(-36) M1 Correct use of diser
leading to meq 1 m
ving - 4Sm <15 o M1 Solving tom <=k
Solving : 48m <15, so m< I Al Al for k=2 (o)
S+ for 5 5 Al Both
comment Fromsketch: ——<m<— (5) [Allow MIM1M]1 for
onm=... 16 16 =/ | MR of [ for 1]
ALT 5 12 _ _ B Use of limiting
® Tangent at {5.(———) goes through (0. 1), gradient=m = £ () case: gradient of
i 0 chord = gradient of
. 12 £+ M1 tangent (= gradient
Leads to equation: ———=-"—9% — of line)
3 & a
53 *+36-35
c %‘i; - - : +33;57 8 =36=T72 or 6=24 M1 Solve for &
307 o
1 12 5 g Then as above
m=———=— cefc
3 8§ 16
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Question 8 (AEA 2012 Q1)

The function f is given by

fx)=x*-2x+6, x =0
(a) Find the range of f.
(3)
The function g is given by
g(x)=3+(x+4), x=2
(b) Find gf(x).
(2)
(¢) Find the domain and range of gf.
(3)
Qu Scheme Mark Notes
(a) P jx+6:(1_1)2 +5 or 2x—2=0 MI Differentiating or
- o= h complete the square
Sketch or work to show min at (1, 5) Al
Range f=>35 (Accepty = 5) {(Answer only 3/3) | A1(3) | x=5 canscore MIALAO
M o) = 304 216+ 4,234/ —2x+10 MI.Al
(2
(© gf (1) or 3++/"5"+4 Mi Clear attempt to find
= B - gf(1) or correct express’
Range of gf> 6 Al
Domain = domain of f= x =0 B1(3)
[8]
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Question 9 (AEA 2009 Q1)

(a) On the same diagram, sketch

y=(+12-

and

y= x' =2 M .

Mark clearly the coordmates of the points where these curves cross the coordinate axes.

(b) Find the x-coordinates of the points of intersection of these two curves.

3)

(a)

[

2
y=x — 2|x|

D

NOANA

y={x+1)(2-x)

(b) One intersection at x =2
Secondat (x+1)(2-x)=x (x+2)
(0=)2x?+x -2
—1241+16 . .
x = + . since root is in (-2, -1)

-2,-1.2,(0.2)

—1-

J17

B1
Bl

Bl

B1

M1

Don’t insist on labels

Attempt correct
equation

Mustbe x +2on
RHS

Correct 3TQ

Solving

Must choose -
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Question 10 (AEA 2008 Q6)

ac+ b
i) = x+ -

re R x£-2,

[

where ¢ and b are constants and b > 0.

(a) Find f1(x).

(b) Hence, or otherwise, find the value of a so that ff(x) = x.

The curve C has equation y = f{(x) and f(x) satisfies ff(x) = x.
(c) On separate axes sketch

M) y=1),

(1) y=flx—-2)+2.

(3)

(3)

On each sketch you should indicate the equations of any asymptotes and the coordinates, in terms

of b, of any intersections with the axes.

The normal to C at the point P has equation y = 4x —39. The normal to C at the point Q has equation

v =4x+ k, where k 1s a constant.

(d) By considering the images of the normals to C on the curve with equation

v=1f{x—2) + 2, or otherwise, find the value of k.

)
' = —F i -
2y ) bt | Meke e eanoset (o, A1
(@) yxalyz axtb > 2= 5 ol . (2)
o . = -, Frlae MI:AT 1)
[Q] Pl =x b= fle) A= (' '\"L ghape Bi Cao overlap)
4 _ =2 =21 G'l
() k L M= [ <]
(L.e), (0%) [BY (3]
T — +2 My
['a "] y=fle-ne2l T2 ™
o bobh branches Al (3}
. G - Llx-2) -39+ wehusumtw Al
(a) “ml nl'-e on Mo Fla-t) 41 & ::.l*[im _.{,5-5 on Aormo b at
- - bout y Zx , nownal ot Qluillbe gakx+ks | We ‘-‘J‘""‘k’”q NI
st YRS I |
adrg TS Fﬂw* ‘ } 45 -t L‘._[c. F{H#i} -2 rHI
b gengs B 5 1 gz Al
Noora ena’
Yy = b -1'51 or ka8l Al (é;)
' Palind) el m -'?}—_l
[ms, P, (1o, b=31, ‘ g 6= Llx—t) | M1

M1 AL ke 5}
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Question 11 (AEA 2005 Q6)

Figure 1
v &
o
P o] R
* x

Figure 1 shows a sketch of part of the curve with equation v = f{x), where

) = x(12 — x%).
The curve cuts the x-axis at the pownts P, O and R, and O 1s the maximum point.
(a) Find the coordmnates of the pownts P, 0 and R. (4)

(&) Sketch, on separate diagrams, the graphs of

@ y=1H2).
() y="H|x| + 1),

indicating on each sketch the coordinates of any maximum points and the mtersections with
the x-axis. (6)

Figure 2

Figure 2 shows a sketch of part of the curve C. with equation y = fix — v) + w, where v and w are
constants. The x-axis i1s a tangent to C at the minimum point T, and C intersects the y-axis at 5.
The line joining S to the maximum poimnt U 1s parallel to the x-axs.

(c) Find the value of v and the value of w and hence find the roots of the equation

fix—v)+w=0.
@

www.drfrostmaths.com



(o)

()

l?:_n }'HL‘—_:I"-'-- RMF post, {j-'“ll,ll:ﬁ)
e i £'ze , x"2¢ ; o QA= (2,\b)

(agtly 47 ()

T LT‘ | f‘_r_.. ey _.._L,._r_,._g_;,,

f_:r.l'T-I a} A ':'.IL.} .
3 u--f—-»l-:’a:_l—r-ni; At e

{-_1-.’?4I;n1} - [f—{r )

[o,1]
_'rfi-; I \_"-‘r-:-:'l
oo et (-1,-%) = (#,°)

L
£ i Le, “n-hsx.—-.ﬂ. I-n-.r "E'E ]L

FE---J‘:}-u' wr  E 2 o=k (‘,"f}u Lot Lom—s

we= 1k

W -‘9 g_{_m‘t“-:ul*}
[{~vy = 1k
' lf:-,': —J"L]I = il . .
'\;3_L Tl T e = o (‘:-—n-‘d- -r.-‘-f-—-; '.;\.l'],
() (s} = @ (Lt o et
U = =1 i (1 gy &

P S f..w—~—‘i‘. R u'v-E-Ft]P'.. w— =
I.ooow ;:-'E-_

M‘o"“"l et £, 4 S ___t'____?-:u_)
= (om) y Talae); Uus(li) o byrpeer

1

s

pi, B

hlr:"H l@

Y

pat
AUop

41

™)

i

My A

Fyler r—;;‘! q P P ; W= 3!

www.drfrostmaths.com

(1)




2.3 SEQUENCES & SERIES (ARITHMETIC, GEOMETRIC, SIGMA NOTATION, RECURRENCES)

Question 1 (STEP 1 2012 Q7)

A sequence of numbers iy, £y, t2, ... satisfies
1lrz+2 = ptn+l T qtn (” = {}}':

where p and g are real. Throughout this guestion, z, y and z are non-zero real num-
bers.

(i) Show that, if t;, = x for all values of n, then p+ g = 1 and x can be any (non-zero) real
number.

(ii) Show that, if s, = > and fs,,; = y for all values of n, then ¢ + p = 1. Deduce that
either ¥ = y or r = —y, unless p and g take certain values that you should identify.

(iii) Show that, if ts, = x, tany1 = y and ta, 2 = 2 for all values of n, then
P+ +3p—1=0.

Deduce that either p+q =1 or (p —q)® + (p+ 1)* + (g + 1)* = 0. Hence show that
pitherr=y=zorz4+y+2=10

Question 2 (STEP | 2004 Q2)

The square bracket notation [z] means the greatest integer less than or equal to z. For
example, [1] =3, [V24] =4 and [5] = 5.

(i)  Sketch the graph of y = v/[z] and show that
a a-1
| ViElas =S v
0 r=0
when a is a positive integer.

[
(i)  Show that f o7 4z = 2 — 1 when a is a positive integer.
0

a
(iii)  Determine an expression for f 214 4z when a is positive but not an integer.
0

Solutions: (iii) (214! — 1) + (a — [a])x2!@
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Question 3 (STEP |1 2004 Q5)

The positive integers can be split into five distinet arithmetic progressions, as shown:

6, 11,
7, 12,
8, 13,
9, 14,

moawe

I,
2,
3,
4,
5,

10, 15,

16, ...
17, ...
18, ...
19, ...
20, ...

Write down an expression for the value of the general term in each of the five progressions.

Hence prove that the sum of any term in B and any term in € is a term in E.

Prove also that the square of every term in B is a ferm in ). State and prove a similar claim

about the square of every term in C.

(i) Prove that there are no positive integers  and y such that

z? + 5y = 243723

(i) Prove also that there are no positive integers x and y such that

z + 2y = 26081974,

Question 4 (STEP |1 2004 Q7)

(i) The function f(x) is defined for |z| < é by

fz) = i anz"

ri={

where ag = 2, oy =7 and a, = Tay_| — 10a,_s =0 forn = 2.

Simplify f(x) — Tzf (z) + 10z%f (z) , and hence show that f(z) = + .
1-2¢ 1-5z

Hence show that a, = 2™ + 5™.

(i)  The function g(z) is defined for |z| < % by

1

o0
glz) =Y bna"
n=(

where by = 5, by = 10, by = 40, by = 100 and b, = pb,_1 + gb,y for n = 2. Obtain
an expression for g(z) as the sum of two algebraic fractions and determine b, in terms

aof n.

Solutions: (ii) b, = (—2)™ + 4(3)"

www.drfrostmaths.com



Question 5 (STEP |1 2004 Q8)

(Note: Knowledge of method of Proof By Induction required for this question)

A sequence tp, L1, {2, ... is said to be strictly increasing if {4y = {p foralln 2 0.

(i) The terms of the sequence zg, x1, T2, ... satisly
. _ :c..i + 6
n+l = 5

for n = 0. Prove that if zp > 3 then the sequence is strictly increasing.

{ii) The terms of the sequence 49, 31, ¥, ... satisfy

b
Ynyl =H— —
T

for n 2 0. Prove that if 2 < yp < 3 then the sequence is strictly increasing but that
in <3 for all n.

Question 6
[MAT 2008 1]
The function S (n) is defined for positive integers n by
S (n) = sum of the digits of n
For example, S (723) =7+ 2+ 3 = 12. The sum
S(1)+5(2)+5(3)+...+5(99)
equals:

Solution: 900

Question 7
[MAT 2007 1J]
The inequality

(n+1)+ (n' +2) + (n" +3) +
(n'® +4) +... 4+ (n'" +100) > k

is true for all n > 1. It follows that

k < 1300
k2 < 101
k> 10110000
k < 5150

Solution: k < 5150
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Question 8

[MAT 2003 1F]

Two players take turns to throw a fair six-sided die until one of them
S5COres a six.

What is the probability that the first player to throw the die is the first to
score a six?

. 6
Solution: —
11

Question 9

[MAT 2006 1H]
How many solutions does the equation
2 = sinz + sin® z + sin® z + sin® z+. . .

have intherange 0 < x < 2w

Solution: 2 solutions

Question 10

[MAT 2016 1G]
The sequence (z,,), where n > 0, is defined by o = 1 and

T, = Ez;{ll () formn>1

The sum
oo 1
=0 xp
equals:
Solution: 3

www.drfrostmaths.com



Question 11

[MAT 2010 18]

The sum of the first 2n terms of

1,1,2,1 4 1 8 1 16, L

R A B Rt IR Rt BT

21‘1 _|_ 2—?1
22?1 . 23—2n
on_gm

3

Solution: 2™ + 1 — 21~

Question 12

[MAT 2016 1A]

A sequence (a,,) has first term a; = 1, and subsequent terms defined by
apyq = la, forn > 1.

What is the product of the first 15 terms of the sequence?
Leave your expression in its simplest form.

Solution: (195

Question 13
[MAT 2014 1H]

The function F' (n) is defined for all positive integers as follows:
F(1)=0 andforalln > 2,

F(n)=F(n—-1)+2 if2divides n but 3 does not divide n;
F(n)=F(n—-1)+3 if3divides n but 2 does not divide n;
F(n)=F(n—1)+4 if2and 3 both divide n;
F(n)=F(n—-1) if neither 2 nor 3 divides n

The value of F'(6000) equals

Solution: 11000

Question 14

[MAT 2005 1H]

The four digit number 2652 is such that any two consecutive digits from it
make a multiple of 13. Another number /N has this same property, is 100
digits long, and begins ina 9.

What is the last digit of N?

Solution: 9
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Question 15 (AEA 2013 Q4)

A sequence of positive integers a,.a,.a,,... has rth term given by
a =2 -1

F

(a) Write down the first 6 terms of this sequence.

(1)
(b) Verify that a,,, =2a, +1
(1)
n
(c) Find za,
r=l (3]
. 1 1 1
(d) Show that — <« —x—
IfTJ+I 2 ﬂ'} (]]
1 1 1 1 1 1+ 4
(e) Henceshowthat 1+—+—+—+—+.. . <l+—+| —+=+1+_.
37 15 31 3 707 7 2
(2)
) 31 v~ 1 34
(f) Show that 57 <z— <7
21 &g, 12l (5)
Question Scheme Marks Notes
(@ | a=1a,=3a,=7.a,=15. a, =31 a, =63 BI1
(1)
(M) | Sub: a,.,=2""-1 2a +1=2(2"-1)+1=2""-1 Bleso | Correct
"~ ’ _ demonstration in
(1)
(c) Z(Q‘F_=ZEF—ZI=ZEF—H Bl For len
:{1" _1} M1 Use of GP formula
S2=""_1  therefore a=22"-1)—n (oe. y Any correct expres’
- 2- Z ’ ( ) (0 Al Al needs — 7 too.
(3)
d 1 1 1 Or equiv in words
( ) ar+1:Ear_l::’ar—lbzar_)_{_x_ Bleso
- a4 2 a,
(1)
e 1 1 132 Ml Use of (d) to get
© i <2 and i{ 2 . (3) any 2 inequality for
a, da, a; a, a, 4% and 5™ terms
5 2 Alecso | All 3 inequalities &
So: T‘i<1_l+l+(—}+( ] o no incorrect work
=a, 3 7 )
(D | Lower limit = 1+ ++=3; Blcso
Identify GP a=1%, r=1 MI1 Correct  ora
1 7 2 dm1 Attempt sum |r|=1
Use S, =— I l= :] Al Correct expression
I-3 ! or sum
Upper limit = 1+1+3 =3} Aleso
5)
(13)
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Question 16 (AEA 2012 Q3)

7
The angle #, 0<# < Y satisfies

tan# tan 26 = Z 2cos” 20

r=l

(a) Show that tan # = 37, where p is a rational number to be found.

(8)
T T
{(b) Hence show that — <8 <<—
6 4
(2)
Qu Scheme Mark Notes
a 2 Identify GP and attempt
@ RHS=GPa=2.r=co0s28 S, =—— MLAL | sumto o= for M1
1—cos2f
cos26=1-2sin" 8 = (RHS ) =cosec’ @ (Allow =) M1 Use cos2 &to simplify
9 Y tan 2
tan 39=ﬂ:> (LHS) =M M1 Use of tan2# on LHS
1—tan™ & l—tan" &
) 2tan’ @ ) 1+tan’ @ Equate LES=RHS and
Equating: ———=1+cot"=——— M1 use formula to get eqn in
1—tan” tan” 6 tan# or single trig func.
50 Jtant@—-1=0 Al Correct eqn (either line)
49 1 _ 1V} Solve their equn leading
tan =3 = ranﬂ—(ﬂ dM1 to tan6=.. Dep on 4® M
1 1
tand =37 orp=—1 A1 (8)
®) | 1537537 o tan § > tané > tanf M1
= £>0>% Al(2) | s
[10]

Question 17 (AEA 2011 Q3)

A sequence { u, } is given by

H] = k
Uypy = Uyp X P nz= 1
= .->
ulﬂ'+] ul!.' b q H = 1

where k, p and g are positive constants with pg # 1

(a) Write down the first 6 terms of this sequence.

2n k(1+ 1 — "
(b) Show that Z”f _ [ _IJ]( (pq) )
I-pg

r=l

3)

(6)

In part (¢) [x] means the integer part of x, so for example [2.73]=2, [4]=4 and [0]=0
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M1 M1 for 1st 3 terms
2 22 2 A2/1/0 (-1 eeco) for next 3
(a) k. kp, kpg: kp~q. kp~q~. kp'g A2/1/0

(3)
M1 for splitting into 2 series

(b) - . . . TS
[Need one line clearly showing factorisation or split ] MIA] | Al for 1aand r

Identify: k+kpg+kp’q® ... is GP witha =k r=pq
MIA1 | M1 for identifying 2* GP
Al for 2™ g and r

Identify: kp+kp’q+ kp(qu .is GPwitha =kp, r=pg

i i Ml Use of Sn formula twice.
k[l—(pq)") kp(l—(pq}") One correct ft their a & r
n, = — + L
LN l—pq l_pq
‘ " Alcso
_k(1+P)(_1_(PfH ] (6)
1-pq

Identify link with above and

4 (4N (3 ] 3 . 3 Bl values for k. p and g
() D =6+6x 3 3 P T +..1e. k=6, pP=3.9=3%
1 M1 Attempt to find .

(5+ for noting <1 etc)

A8
I

[}
+
[}
=

4
r=pg=— (r<l .. S, formula can be used)
5 A1 for an expression can be

i - ALAL |, ;
k(1< GxL 210 in k, p or g. ft their values
Sm=ﬂ=—i. ==_=7 4 A1 for 70

Question 18 (AEA 2010 Q2)

The sum of the first p terms of an arithmetic series is ¢ and the sum of the first ¢ terms of the same
arithmetic series is p, where p and g are positive integers and p #g4.

Giving simplified answers in terms of p and g, find

(a) the common difference of the terms in this series,

(3)
(b) the first term of the series,

(3)
(c) the sum of the first (p +¢g) terms of the series.

(3)
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@) | g=%3Q2a+(p-1)d) and p=%(2a+(g-1)d)

:{i—ﬁ —d(p-1-q+1)
r q ‘
It 7
d=-(q_ Pl g_—2ptg)
pra(p—q) Pq

®) | 2a=24.27D2a*p),
p rq

.2 @-D)-p(p-1)
pq(g—p)

¢ +qp+p’—p-q_a’+(p-Dg+p) p +(g-Dig+p)

Pq Pq Pq

=~ 3 |\ p rq
p-g[l(rf+qp+p2—p—q)_l(p+q—l)(p+q}}

©| s p—q{ﬂJr(p—l)l(q+p)+—3(pg+q}(
: pq Pq

p+q—D]

pPtq
Pq

[-pa] =-1p+q]

M1
Al

AM1
Al
Al (5)

M1
dM1
Al (3)

M1

M1

Al (3)
[11]

Attempt one sum formula
Both correct expressions

Eliminate a. Dep on 1% M1
Must use 2 mdep. eqns
Correct elimination of a

Correct simplified 4 =

Substitute for 1 a correct
sum formulaie eqnina
only

Rearrange to a = . Dep M1

Correct single fraction
with denom = pg

Attempt sum formula with
n = (p+q) and ft their a
and d

Attempt to sumplify-
denominator = pg or 2pg

Alfor -(ptq)
(5+ for concise
simplification/factorising)

Question 19 (AEA 2008 Q1)

The first and second terms of an arithmetic series are 200 and 1975 respectively.

The sum to » terms of the series is S

Find the largest positive value of 5

- n-i) =9
@ a-::.od._&:-—% Un =0 = .ﬂ-bf-‘-'-*.g{ )

A= 81

(a1 Sas gl -ga-)

Hanonam Lusn whe asfo Bl

S0 = O L "E'cc_’ - ;:}‘l]
20 [ #oe =345 71
gI00

[

lekfy ard ed M)

(Total 5 marks)

AL

o ad allent max [H] ]

Bt

Uscef £a u:&fﬂm Hi Al

[
P e84t
N

rPH @
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Question 20 (AEA 2007 Q5)

a
9
s a s E,:: ' s "j
a ] 3 2 9 ]
a
L
9

| &

Figure 1

Figure 1 shows part of a sequence 51, 52, 55, .. .. of model snowflakes. The first term 51 consists
of a single square of side a. To obtain 32, the middle third of each edge 15 replaced with a new

square, of side g, as shown in Figure 1. Subsequent terms are obtained by replacing the middle

. . . 1
third of each external edge of a new square formed in the previous snowflake, by a square 3 of

the size_ as illustrated by 53 in Figure 1.

(a) Deduce that to form S1, 36 new squares of side % must be added to 53

1)
: 20a 2 :

(B) Show that the perimeters of 52 and S5 are ES and respectively.

(2)
(¢) Find the perimeter of Su.

4)
(d) Describe what happens to the perimeter of Sx as » increases.

1)
() Find the areas of 51, 52 and S3.

(2)
(1 Find the smallest value of the constant § such that the area of Sx < 5, for all values of .

(3)
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2.4 BINOMIAL EXPANSION (USING PARTIAL FRACTIONS, N NEGATIVE OR FRACTIONAL)

Question 1 (STEP | 2011 Q6)

Use the binomial expansion to show that the coefficient of =™ in the expansion of (1 — z)~?
is 1(r + 1)(r +2).

(i) Show that the coefficient of 2™ in the expansion of
1 —x+ 227
|,_1 o j.}H
is r? 4+ 1 and hence find the sum of the series

2 5 W 17 26 37 50

tretrtg ittt tmt

(ii) Find the sum of the series
25 9 49

9
142404042, 2,59 .
S I T Ry I

Solutions: 8 and 12

Question 2 (AEA 2006 Q1)

(a) For | ¥ | < 1, write down the binomial series expansion of (1 — )™ in ascending powers of y
up to and including the term in 7.

@
(b) Hence, or otherwise, show that
2 r-1
1+ x 3 s x
1+x  (1+x) (1+x)"
can be written in the form (a + x)". Write down the values of the integers a and n.
)
(¢) Find the set of values of x for which the series in part (b) is convergent.
()
() Cogy™ = 14 2y rigiesyteoo BI )
. L Toes -
(y| €= ‘*L(T;)'*3(ﬁ)-+ Toidy p=~2)
D 5=tk Fyee .
= ( [ e -
<+
= (', se =zhnm MG
(S Nax | 2\< St B

/ z ;*“! i
8 Ll

s~ Al (3\
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2.5 RADIANS (INCLUDING SMALL ANGLE APPROXIMATIONS)

Question 1
[MAT 2012 1J]

If two chords QP and RP on a circle of radius 1 meet in an angle # at P,
for example as drawn in the diagram below,

R

then the larest possible area of the shaded region RPQ is:

S0 (14 cos(2))

04+ sinf
@ %(1 — cosf);
o8,

Solution: 8 + sin 6
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2.6 TRIG FUNCTIONS (RECIPROCAL FUNCS + IDENTITIES)

Question 1 (STEP 1 2012 Q6)

A thin circular path with diameter AF is laid on horizontal ground. A vertical flagpole is
erected with its base at a point IY on the diameter AB. The angles of elevation of the top
of the flagpole from A and B are a and A respectively (both are acute). The point C' lies on
the circular path with I perpendicular to AB and the angle of elevation of the top of the
flagpole from €' is ¢. Show that cot o cot 3 = cot? o

Show that, for any p and g,
€0s pcos g sin’ %I:j]' + q) — sin psin q cos” %Lp +q) = %f.‘{}ﬁﬂp +q) — %ms[p + q) cos(p — q).
Deduee that, if p and g are positive and p 4 g < %r then
cot peotg = cot? %[p +q)

and henee show that ¢ < %(a‘ + ) when o + 5 < %r

Question 2 (AEA 2007 Q1)

. . . : 1 . .
(a) Write down the binomial expansion of C - |v| = 1, 1n ascending powers of 1 up to and

-
including the term in 1°.
(€Y
(#) Hence, or otherwise, show that
1 (@ 2 .
— cosec {3 =1+2cos@+3cos* 8+4dcos” F+ . +(r+1)cos” 8+
L
and state the values of &for which this result 1s not valid.
(C))
Find
(c) 1+E+31+i,+___+("+1)+___=
2 27 ¥ 27
@)
2 3 4 (r+1
l-—+ = -+ F(=1y—+._ ..
(d) TR 1) 7
@)

www.drfrostmaths.com



la) (f-u)P e 14 2y 4397+ Ly

ﬁ‘]' LE-t ‘-:] = cos® ; LHS = l

®

9:{1“"

i

(1~
Car® = |=255%8 B [ -ceub:z Lsialg
Jeaec®® = 1+ Lea® 4 3ald « oo
4 x
lylet = ledl4l ot wmlid foc
(‘-J y=4 D Sum 1{1“;1 =
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2.7 TRIGONOMETRY & MODELLING (ADDITION FORMULAE)

Question 1 (STEP 1 2014 Q6)

(i)  The sequence of numbers wug, uy,... is given by up = u and, for n = 0,
tin+1 = dun (1l — ugy). (%)
In the case u = sin? # for some given angle #, write down and simplify expressions for
1y and e in terms of #. Conjecture an expression for u, and prove your conjecture.
(ii) The sequence of numbers vy, v1, ... 1s given by vp = v and, for n = 0,
oy — 2o 1
Un+1 = —pty +qUn + 71,
where p, ¢ and r are given numbers, with p £ 0. Show that a substitution of the form
Up = auy + 4, where a and # are suitably chosen, results in the sequence (*) provided

that
4pr =8+ 2q — qg.

Hence obtain the sequence satisfying vp = 1 and, for n 2 0, v, = —t-'f1 + 2v, + 2.

Question 2 (STEP 12010 Q3)

Show that
gin(r +y) — sin(r — y) = 2cos T siny
and deduce that
sinA —sin B = 2c0s 3(A + B) sin (A — B).
Show also that
cos A —cos B = —2sin1(A+ B) sinl(A - B).

The points P, @, R and S have coordinates (acosp, bsinp), (acosq,bsing), (acosr, bsinr)
and (acos s, bsin 8) respectively, where 0 € p < ¢ < r < 5 < 27, and a and b are positive.

Given that neither of the lines P} and SR is vertical, show that these lines are parallel if and
only if
r+s—p—g=2m.

Question 3 (STEP 1 2009 Q4)

The sides of a triangle have lengths p — g, p and p + g, where p = g = 0. The largest and
smallest angles of the triangle are oo and 3, respectively. Show by means of the cosine rule
that

A1 —cosa)(l —cosF) = cosa + cos 3.

In the case o = 23, show that cos 3 = % and hence find the ratio of the lengths of the sides of
the triangle.
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Question 4 (STEP |1 2007 Q2)

(i) Given that A = i'Ll'(:I-Elll% and that 7 = arctan i (where A and B are acute) show, by

considering tan (A + B), that A+ B = L.

The non-zero integers p and g satisly
1 1 T
arctan — + arctan — = —.
P qg 4
Show that (p— 1) (g — 1) = 2 and hence determine p and q¢.

(ii) Let r, s and ¢ be positive integers such that the highest common factor of s and £ is 1.
Show that, if

&

tan - + arct al
arcial — arctan = —,
r s+t 4

then there are only two possible values for ¢, and give » in terms of s in each case.

Question 5 (STEP |1 2005 Q4)

{a) Given that cos@ = g and that %‘T < # < 27 , show that sin2f = —g, and evaluate
cos 3 .

. . 3tanf — tan @
(h) Prove the identity tan30 = ————5——

1 - 3tan®#f
11 T T
Hence evaluate tanf, given that tan 36 = 5 and that i L0 < 5
. 117
Solutions: (a) ~ 1 (b) tan 8 = 8 + /75
Question 6 (STEP | 2005 Q7)
n
The notation H [(r) denotes the product f(1) x £(2) x £(3) x --- x f(n).
r=|

Simplify the following products as far as possible:

(i) H("“)

r=1

@ I1(5)

r=2

n
2w . 2w 2r = 1) .
(1ii) H (cas — + 8in — cot {—n}") ., where n is even.

Tt T
r=1

Solutions: ()n +1 (i) "2—;1 (iii) 1
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Question 7 (AEA 2013 Q2)

(a) Use the formula for sin (A — B) to show that sin(90° — x) =cosx

(1)
(b) Solve for 0 <@ < 360°
cos|f+8°
2sin (8 +1?°} = {—}F
cus{ﬁ +1 ?“J
(7)
Question Scheme Marks Notes
(a) | sin(90 — x) = sin90cosx — cosV0sinx = 1.cosx — 0.sinx = cosx Bl One intermediate line
(1)

(®) | 2sin(@+17)cos(6+17) = cos(8+8) = sin[2(6+17)] =cos(6+8) | Ml Use of sin2d = ...
20+34=90—-(6+8) dM1 | Useof(a)—not rigd
3@=82-34=48 0 @=16 Al
260+34=180—-[00—(6+8)] or 20+34=[00—(6+8)]+360 |Ml |2 eanfore
g=98-34 or =04 Al

36 = 48 +460 6=136 | Al
=256 Al(7)

NB | sin(26+34) —sin(82 — &) gives 2cos[(F+116)/2]sin[(3 §—48)/2] (8)
Then: 82 + 58 =90 gets M1 and e.g. 36/2 — 24 = 0 gets M1

Question 8 (AEA 2011 Q1)

Solve for 0 < @< 180°

tan[H+35°)=cm(ﬂ—53°] otal 4 "
otal 4 marks

Question Scheme Marks MNotes
sin(6+335) _ cos(f—53) M1 Us:l: of correct defns for tan
cos(8+35)  sin(6—53) ang cot

0= cos(@—53)cos(0+35)—sin(@+35)sin(#—53) Use of cos(A+B) rule to
0=cos(26 — 33 +39) M1 reach single trig function
A1A1 | Al for 54 and A1 for 144
20— 18=90.270 sox=54,144 @)
Use of tan (4 + B) doesn't score until tan2 8= tan(90 - -18)
ALT tan(@ + 35) = tan[90 — (& — 53)] M1 Use of cotr = + tan(90+x)

B+35=00—(8-53) or 6+35=900—(6—53)+180 | M1 | ctther
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Question 9 (AEA 2009 Q3)

(a) Solve, for 0 < 8 <27,

(b) Find the value of x for which

arcsin (1 — 2x) = % — arcsinyx, 0<x<05

[arcsinx is an alternative notation for sin™'x]

@) | . ; T .
5111£c056—co~;£$u16 =L,_co<.6' M1
3 NE
L a =sin (0.)
ﬁcos =sim (0.& M1
1
= tanf = — Al
A3
g==L = A1, Bl
6 6
® (%)
) ,
51N [arcsin(l - lx}] = sin l:%—arcsinx}
sin[arcsjn(l - 2x)] =510 %cos[arcsin x] - cos%s’m(arcsm x) M1
I
/3 — 1
1-2x =22 J1-x? - =« M1.RB1
2 2 ’
1 x [2-3x =43 J1-x7 ]
Vi-x? 4-12x +9x?=3-3x? Ml
12x 21— 12x + 1 (=0) Al
o) 144 —
‘= 12+4/144 - 48 M1
24
3+6
x =
]
3-4/6
0<x <05 x = ; (0.¢) Al
(7)
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(7

Useofsin(A-B)

. T
Use of sin — . cos 7
3 3
and collect terms

1
tand = —— O€.
NE]

Use of sin (4 + B)

B1 for
cos[arcsiny]

=1-x7

Simplify to quadratic
inx

correct 3TQ

Attempt to solve if at
least one previous M

scored 1 (b)

Must choose "




Question 10 (AEA 2008 Q3)

(a) Prove that tanl5°=2— \3
C)]

(b) Solve, for 0 = & < 360°

sin(8 + 60°) sin(6— 60°) = (1 — \/3) cos? 8
(8)

tan2d = 2@  Catmls Zéﬂfs L Use of Raan tg-- | BI
("v\ 7 i B I %& T
g Le fum =y,

- 1 . 2 .

hﬂ?ﬂ-} a;_ '[___,' e
. L3 ! - =0 "‘_> t = -2.55 :t]l?» -tﬁ- RH@-.PJ- f-'..nlue.—,}t: (1]
E -+ 243t | AN AN R e

g @ [seeens]ltewy

- L= = Cos - eol sia(aan) (Ml
(&) (‘_‘;? -+E.:oae)(-§.?9 %m&)_mzﬁ(lﬁ) LY FEACE:

LYY
Epaban 3ec M

orec

S - 3 cotp = o - BeaD
& & Allenpt +Coste bl | ML

b - (#-u8) wi s |
Cu‘&::té}ﬁerz_aﬁ of ‘1'5;59 = z;u;:f‘ o G0 =_%{_L;% @.—-EIT'* Frild ﬁ‘l

t; : % (14};) erwudg Al
ke 2-fs 8= 15,145 fnB<-(e-f)® B=led, dus Al AL (ﬂ@

Question 11 (AEA 2006 Q2)

Given that (sin 8+ cos &) # 0, find all the solutions of

2 cos 26(sin 26— 3cos
sinf +cos 8

2 .
29) _ V6 (sin 26— 3 cos 26)

for 0 < < 360°.
(10)

L2 8l cnt?

-, .(‘I_—_'N e e b Y [.& - ] :;. M (]CW:]

et -3 Lnrg =0 = 1'_‘"—1-0::;51?‘\' §~'-|fl-9—-60"}-t i

= T8 . l,'g-u;l“J '1.-\[.—0’[,. \-E'L-.ﬂ‘l [N | h!
: | At

W

B v °
= 2, 1o , o, 2wo

2Ll Hﬁrpg.}_(m‘e-sﬁ“:ﬁ {M!l-’..rh&-:-.}hl

= fd e Ll fent
= L (mﬂ—i—lﬁ'}{f—h}@‘} EUIQJ {-{-n.l-r-'-)Mr
( end &rsMLB--\h:‘I (r:»:fq_f--'f'-‘—‘aa) e
cahwps'\*‘-’_‘:_..erj fat, 4
T Ve A
o [N k)
= 130, 190
grs - ('3;” o et Ertet M

& o m—iﬁ{ﬂlﬂbuf}
8- = LEC InT

(eeey]| K
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Question 12 (AEA 2005 Q2)

Solve, for0 = 8=27

sin 268+ cos 26+ 1 =46 cos &,

gIvIing your answers in terms of T

L ci0 emd + emroal =Vbcns

Tl fan B o

{‘ﬁﬂ- (1,{‘_7_.}»’-'1’._.-:13*‘“?!:}-_— o

e & = ©

T e b

‘J:— o {&- #qu) .

< = {ﬂ—+ ""F,r’q_p) =

& =0 -
‘1.-

& =

o)

-:!.I'rh. cnd MI

(2 coi’® noasis)

(Mqt_,-,&} |

= Vi
e e B CA (!
* ( :ﬁ"m{&_"'?uj)
I At
-T-—‘-_-‘- T i‘m‘-— L':-I'— '.!'ntu..-..l-,.-.I hl
y 3
=, = (hert) | A
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2.8 PARAMETRIC EQUATIONS (PARAMETRIC = CARTESIAN, SKETCHING, POINTS OF
INTERSECTION)

Question 1 (STEP 2008 Q7)

The point P has coordinates (z,y) with respect to the origin 0. By writing x = rcosf and
y = rsinfl, or otherwise, show that, if the line OPF is rotated hy 60° clockwise about O,
the new y-coordinate of P is ]E{:y — +/3z). What is the new y-coordinate in the case of an
anti-clockwise rotation by 60° 7

An equilateral triangle OBC has vertices at O, (1,0) and (3, 34/3). respectively. The point P
has coordinates (z,y). The perpendicular distance from P to the line through ¢ and O is by
the perpendicular distance from P to the line through O and B is hs; and the perpendicular
distance from P to the line through B and €' is ha.

Show that hy = %|g —\3r

and find expressions for ks and hs.

Show that hy + ha + hy = %V’ﬁ if and only if P lies on or in the triangle OBC.

Solution: (i) h, = |y| hs = %|y +/3x — V3]

Question 2 (AEA 2007 Q3)

(@) Solve, for) =x <27,

cos x +cos 2x=0.
(3

(&) Find the exact value of x, x = 0, for which
T
arccos x + arccos 2x = —.

(6)

[ arccos x is an alternative notation for cos™ x.]
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e e e e e s

Casdm = Cosx ||
[

(6) Cosxt caslo =0 = x4 heas -1 =0 - st@ |
' A
f\lﬁmk - l)ﬂmmu\;o =5 Coa X = J‘;’ or =| .
£, aT-« |01, BT
I

Cope= 3 = x= L, i—f |
T (8
= T .:
ot 7 = ( Condone degues bak 50) | (s)
U:e.eFEL:FE;'M:
oy Lie = T X = : .
F“--T [_5'} € sc & Coul 5 (2}.95?;: CBJ’:_ =0 = N
= Lol = O o i =0 [T
af:a- oL, ¥ ,s = I , W, 5_]3}‘ By, 81, 80
ios%=0 = LT, Y5 3_ ) .
-
- 2&: - § I
‘ = Qe Ex.n-ﬂ,
LL"}LC*.QWNJE- o f 13 Hk

£l i{.mﬁ- - -f--‘-uaﬁ.mp =0

snol = Tiomd ersapzfi-n NI &I

Lol (ﬂ:tf‘l} = ‘D.I]:{ =

P—

cosd = & IAM_,} )

or mﬁ' = ?_x. " .ﬁ!
! Jonlie = ﬁ:;:ﬁﬁ =0
- . Lt o (1~x®) (-t x?) N
Sxt = |
= el N
Ie (¢)
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2.9 DIFFERENTIATION (TRIG, EXP/LOG, CHAIN/QUOTIENT/PRODUCT RULE, PARAMETRIC, IMPLICIT,
RATES OF CHANGE)

Question 1 (STEP 1 2014 Q4)

An accurate clock has an hour hand of length a and a minute hand of length b (where b > a),
both measured from the pivot at the centre of the clock face. Let & be the distance hetween
the ends of the hands when the angle between the hands is 8, where 0 < 0 < 7.

1
Show that the rate of increase of x is greatest when o = (b* — a®)2.

In the case when b = 2a and the clock starts at mid-day (with both hands pointing vertically
upwards), show that this oceurs for the first time a little less than 11 minutes later.

Question 2 (STEP |1 2014 Q5)

(i) Let f(x) = (z + 2a)® — 27a’z, where a > 0. By sketching f(z), show that f(z) = 0
for x = 0.

(ii) Use part (i) to find the greatest value of zy? in the region of the -y plane given by
20,y =z 0and »+2y < 3. For what values of x and y is this greatest value achieved?

(iii) Use part (i) to show that (p+q —I—-;-'}3 = 2Tpgr for any non-negative numbers p, g and 7.
If (p+ g+ r)® = 27pgr, what relationship must p, g and r satisfy?

Question 3 (STEP |1 2012 Q1)

The line L has equation y = ¢ — mr, with m > 0 and ¢ > 0. It passes through the point
Rla,b) and cuts the axes at the points P(p, 0) and Q(0, q), where a, b, p and g are all positive.
Find p and g in terms of a, b and m.

As L varies with R remaining ﬁxod xhﬂw that the minimum value of the sum of the distances
of P and @) from the origin is I'a‘-’ + n!:r‘-'"l‘3 and find in a similar form the minimum distanece
between P and ). (You may assume that any stationary values of these distances are minima. )

Question 4 (STEP | 2011)

i}
(i) Show that the gradient of the curve — + m =1, where b <£ 0, is —% .

The point (p,q) lies on both the straight line ar + by = 1 and the curve % + L 1,

y
where ab # (. Given that, at this point, the line and the eurve have the same gradient,
show that p= +q.

Show further that either (a —b5)2 =1 or (a +b)2 = 1.

(ii) Show that if the straight line ar + by = 1, where ab # 0, is a normal to the curve

b 0 o
E——=l, thenﬂ-—b-=%.
r oy
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Question 5 (STEP 1 2011 Q3)

Prove the identity
4sin #sin(3m — @) sin(4m + 6) = sin 39 . (%)

(i) By differentiating (#), or otherwise, show that

cot 3w — cot m + cot dm = V3.

(ii) By setting § = %GT— @ in (#), or otherwise, obtain a similar identity for cos 38 and deduece

that

cotﬂ'cut[%m’ —8) eut{law +8) = cot 38.
Show that

cosec 5T — COSEC o + COSee 17 = 23,

Question 6 (STEP | 2011 Q4)

The distinet points P and @, with coordinates (ap®, 2ap) and (ag®, 2ag) respectively, lie on
the curve y* = 4az. The tangents to the curve at P and @ meet at the point T. Show that
T has coordinates (apg,a(p + q)). You may assume that p # 0 and g # 0.

The point F has coordinates (a.0) and ¢ is the angle TFP. Show that

pg+1
VI + 12 +1)

and deduce that the line FT' bisects the angle PFQ).

GOS8 M =
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Question 7 (STEP 1 2011 Q7)

In this question, you may assume that In(1 + x) = = — %12 when |r| is small.

The height of the water in a tank at time ¢ is h. The initial height of the water is H and water
flows into the tank at a constant rate. The cross-sectional area of the tank is constant.

(i) Suppose that water leaks out at a rate proportional to the height of the water in the
tank, and that when the height reaches a®H, where o is a constant greater than 1, the
height remains constant. Show that

dh .
— —k(a®H — h

for some positive constant &. Deduce that the time T taken for the water to reach height
el 1= given hy
1
KM=In (l — —) .
o

and that kT = a~! for large values of a.

(ii) Suppose that the rate at which water leaks out of the tank is proportional to +/h (instead
of i), and that when the height reaches o”H, where « is a constant greater than 1, the
height remains constant. Show that the time 7" taken for the water to reach height nH
is given by

T’ = 2VH (l—\f&_+a-ln(1+v+a))

for some positive constant ¢, and that T == VH for large values of o.

Question 8 (STEP 1 2010 Q2)

T—a . .
The curve y = ( b)ez’ where a and b are constants, has two stationary points. Show that

a—-b<0 or a—-b=4.

(i) Show that, in the case a = 0 and b = L, there is one stationary point on either side of

the curve's vertical asymptote, and sketch the curve.

(ii) Sketch the curve in the case a = 3 and b= 0.
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Question 9 (STEP |1 2009 Q2)

A curve has the equation
=24 a? 417,

where a and b are positive constants. Show that the tangent to the curve at the point {—a,b) is
By —a’z = a® + b,
In the case a = 1 and b = 2, show that the r-coordinates of the points where the tangent
meets the curve satisfy _
Tz? — 322 — 272 —17=0.
Hence find positive integers p, g, r and s such that

P =gt 4+t 48

Solution: (ii)p =20, =17,r =7,s = 14

Question 10 (STEP |1 2009 Q5)

A right circular cone has base radius r, height h and slant length £. Its volume V', and the
area A of its curved surface, are given hy

V= %m'zh . A=marf.

(i) Given that A is fixed and r is chosen so that V' is at its stationary value, show that
A? = 372! and that £ = V3r.

(ii) Given, instead, that V" is fixed and r is chosen so that A is at its stationary value, find h
in terms of r.

Solution: (ii) h = V2r

Question 11 (STEP |1 2008 Q2)

The variables ¢ and x are related by t = x + V22 + 2bx + ¢ , where b and ¢ are constants and

b? < c. Show that
der ft—=x

y

At t+b
1
Vi +2br +¢

Verify by direct integration that your result holds also in the case b2 = ¢ if  +b = 0 but that
your result does not hold in the case P =cif x +b < 0.

and hence integrate

Solution: (i) In(x + b + Vx2 + 2bx + ¢) + k
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Question 12 (STEP |1 2008 Q4)

A function f(z) is said to be conver in the interval a < = < b if {"(x) = 0 for all = in this

interval.
(i) Sketch on the same axes the graphs of y = %CD\SQ x and y = sinz in the interval
0= o< 27,

The function f(z) is defined for 0 < = < 27 by

f{l‘:l _ c%slnr‘

Determine the intervals in which f(z) is convex.

(ii) The function g(z) is defined for 0 < z < 1x by

If £ =sin2a and 0 < o < 7 /4, show that g(xz) is convex in the interval 0 < = < o, and
give one other interval in which g(z) is convex.

. . 5
Solutions: (i) 0 < x < %and ?ﬂ <x<?2m

(ii)E—oc<x<E
2 2

Question 13 (AEA 2011 Q7)

_r=:3

Figure 4
(a) Figure 4 shows a sketch of the curve with equation y = f(x), where

_r1—5

f(x)=
(=3

xelk, x#3
—x

The curve has a minimum at the point 4, with x-coordinate @, and a maximum at the point B,
with x-coordinate .

Find the value of a, the value of /# and the y-coordinates of the points 4 and B.
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(b) The functions g and h are defined as follows

g:x—=>x+p xelk
h:_r—>|_r| xelk
where p is a constant.
¥
A
C D
o X
Figure 5

Figure 5 shows a sketch of the curve with equation y =h(fg(x)+g), x €R, x#0, where g is
a constant. The curve is symmetric about the y-axis and has minimum points at C and D.

(i) Find the value of p and the value of g.

(i1) Write down the coordinates of D.

(5)
(c) The function m is given by
m(x)= 'Tl__f , xeR.x < a
where a 1s the x-coordinate of 4 as found in part (a).
(i) Find m™
(i) Write down the domain of m™
(iii) Find the value of ¢ such that m(r) =m™"'(7)
(10)
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M1 M1 for an attempt
(a) ) to differentiate
dy (3 _'T) 3_1‘+(x" _5) B 4 Al Al any correct ver.
I= 5 01"1-'=—3—.1'+% =y =-l+ 5
! (3-7) a0 (3-%) M1 Find stat points
V'=0=x=1or 5
AlA1 | Full coords
Ais(1.-2) and Bis (5.-10) (5)
B1
b , . - :
((i)} Horlzonra_] translation 3 to leftso p=3 Mi1Al ?dielntt‘?gaibi:gg;:egy
-2+g=-(g-10). sog=6 forbeg eqnforg
(i) BI1B1 (B1.B1)
Dis(2.4) (5)
2 & M1 Set y=and 1 step
© x5 )
yv= =3y—xp=x" -5
(i) 3—x M1 Isolate xs or set up
. . 2 2 as 3TQ and attempt
31-‘+:'s=x‘—v.1'=:>(x—%) =.31.-‘+1‘-!+Jr to solve for x
. ] X3 . 4 Al
. 102 212v 42
x+2= iw 0.2 (Accept +. —or +) [i"' for reason for
2 2 choosing —]
= - Al Must choose —
—y—4Jy +12y+20 y —x—yx +12x+20 4
x= som (x)=
2 2
() Domain is range of m(x) i.e. (xe | .)x=-2 Bl (D)
Suitable strategy
leading to an eqn
for t fi their m™"
(iii) . 1 : . M1
If m(t)=m" () then m(x) intersects with y =x
A correct quadratic
25 Al equation
= .
3t Solving correct 3TQ
’;-f3_2,t_-.',(=0] Ml correct factors (A1)
(20-5)(r+1)=0 Al
(-1 only)
. _ Al
r= -1 (orl.5) (5) [S+ for reason]
Can’t be 2.5 since not in domain for m(x) (20)
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Question 14 (AEA 2010 Q3)

The curve C has equation
x+vi+ =gt

where fand g arc constants and g = 0.

{a) Find an expression in terms of @, f and f for the gradient of C at the point (a, /).

(4)
Given that /< 2 and f #—2 and that the gradient of C at the point (e, f) is 1,
+
(b) show that @ =—f8 = ”’i
N {" - ..f) l"")
Given that f=-2,
{c) sketch C.
(3)
(a) Correct attempt to diff n
2x+2w'+ fr+ o' =0 M1 ¥ orxy
Al All fully correct and =0
y! _ EX-‘r_ﬁf' ' st
[2y+ £] dnl Isolate y' Dep on 19 M1
-" -
At (a@. B) gradient, m = 2a+fB (0.€.) Al(4) |Svbaand 8
T2p+fal
. Ml Sub m =1 and form linear
(b) m=1gives: 2o+ ff=-28-fa equation in e and 8.
D=0 a=- =2 x
(@+B)(f+2)=0=a=-F (orf )™ Aleso (5+ For using f = -2)
Fromeurve: & +a —fa' —g =0 (0.e) M1 g?ﬁg: ~#Fjmto equation
2
. . - i - -
Lo (2-fl=g = a*=—8 _andso al(or )= 51‘350 Simplify to answer.
2-f 2 (4) (S+ for considering f< 2)
() ) ) M1 Attempt to complete the
{-r - .}']_ =g or x—y==*g square, allow +
Orshowsm =1
Line y=x+g sketched Al Sketches should show y
Line y=x—g sketched A1(3) intercept or eq’n at least.
[11]
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Question 15 (AEA 2010 Q6)

. 5 3 . . .
(a) Giventhat x* +y* =1, prove that x* + y* is a maximum when x =+y, and find the maximum
and minimum values of x™ + .

(7)

(b) On the same diagram, sketch the curves C, and C, with equations x* + " =1 and x* +* =1
respectively.

(2)

(c) Write down the equation of the circle C;, centre the origin, which touches the curve C, at the
points where x =ty.

(a)

(b)

ALT(a)

OR

OR

(1)
A=y 1y =x+ (1- < )7 Bl A as function of x only
. dd ‘ P 44—t For some correct diff n.
: E =2x—(2x7)(1-x") " M1 More than just 2x
1
dd 3 ) 7
—=0. x=0 or x~ =(1—x4}{'* Al For x° =(1-x7)°
dx B1 Forx =0[= by min =1]
ie. X’=y'=x=+py;and x*=y*=1, so x’+)’= 2 MI1: Bl | M for reaching y = #x
L . ) . ﬁ B1 for max = 2
So nuninmim 15 1 [and maximum 15 +/2 ] B1 (7) For min = 1
/ b lI
Iy N
| Bl Circle, centre (0.0) »=1
| :
{ ,.»-"-," Bl Other curve
NP
e }'1 _ N{E ][SI}J]LS) (5+ for some explanation
Let x = rcosd and y = rsind then #*(cos* @ +sin* @) =1 Bl
) 1 1 7
A — . 2 9
Fo= 1 ——= o5 cSol<r <2 MI1AT1:
cos"f+sm F 1-dsn” 26 BIB1
Max value when 8 =fsox=y MI1A1L
5 ) 3.3 _— ; 1* B1 Then differentiate as
AT =(+)7) =1+ 207 =1+ 247 [(1-x") before
41 1= 213},1 — (AE _ 1)1 _ 41,4(1_1.4} = 4(%_ (1:_1.4)1) B1-MIA1 By completing the square
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Question 16 (AEA 2009 Q2)

The curve C has equation y = x*8% x>=0.

(a) Find the equafion of the tangent to C at the point where x = Z )

(6)
(b) Prove that this tangent touches C at infinitely many pomts.
3)
(a:' _ LEmx . R T V= El — T
y =X so when x = 7 = y= 5 =3 B1
Iny=sin x In x M1 Use of logs (0.¢€)
1 dy sinx M1 Use of product rule
— — =cosx Inx+ Al
v dx x
dy f sinx ) Some correct sub 1n
— = x“”' cosxlnx+ their '
dx \ x dv
. { ’ d; ‘T=%
T T : T 1 Ml *
at —_—] gradient = —[ 0+ =1
2°2)° 2 7
. 3
Equation of tangent is y=x Al cso
® |
(b) | If it touches again then y = x = sinx =1 M1 Method — sinx =1
= X =—_—+inx Al May be listed. ..
. T N ' 1
Gradient at | —+ 2no | is [——Emr 0o+—— (=1 Al
2 \ 2 . LI, Check points satisfy
2 3| m= 1 plus comment
e T .
", at points [ 5F 2nrr.7+ ;'n;r} ¥ = Xx 15 a tangent. [9]
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Question 17 (AEA 2009 Q4)

ufx
(a) The function f(x) has f'(x) = ﬁ Given that £'(k) = 0,
"(k
show that £'(k) = )
vik)
(3)
Y

II | | |

[ W

/| [
| |
| |
| |

-t ___Z —
| |
| |
| |
| | .
| 0 |
| |
| |
| A |
| - |
| |
| |
foy
Figure 1
(b) The curve C with equation
2x*+3
x -1

crosses the y-axis at the point 4. Figure 1 shows a sketch of C together with its 3 asymptotes.

(1) Find the coordinates of the point 4.
1)

(i1) Find the equations of the asymptotes of C.
@)

The pomt P(a, b), a>0 and b >0, lies on C. The pomt Q also lies on C with PQ parallel to
the x-axis and AP = 40

3

(111) Show that the area of triangle PAQ 1s given by R

2)
(1v) Find, as a varies, the minimum area of triangle P40, giving your answer in 1its simplest

form.

(6)
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(@) v — v
fu (I } — —
"J
vu' =0
f(k)y=0=ulk)=0 fr(k)=—
v
1 1
k
=) et )
1=(k) v
(b) (i) A4 (0.-3)
(i) Asymptotes y=lx=-1
and y=2
1
Area. T = =% 2ax(b+3)
T L
)2 3
P EELIE LG
a -1 a -1
(V)| dr _ (a®-D15a* —5a’2a
da (a®-1)°
_ 5a*(3a* -3-2a°) 3 5a%(a’ - 3)
(@® -1’ (a®-1)°
a _ =a’=3 ora=43 {or a =0but a =0)
da —
4T _ Sa* 154" w - d°T 20a° —30a
£ == " compare — .. £2 =
da  (a*—-1) v | P (@ —1) a3
~ 60433043 (1543 .
I"(¥3)= : N =l v ] >0 . 1un
4 2
. 543 %3 153
. Minmmum area = . = N
3-1 2
2 2 4,42
NB d 11" _ lOa§a +33} ~ 10a(a ‘+ ..(14 3
da” (a=-1) (a”—1)
T
ALT for (iv) Attempt T
2
d'T
Correct — and comment.
.

M1

M1

B1

B1
Bl

M1

M1

Al

M1

Al

Bl

M1

Al

(1)

(2)

(5+)

(6)
[14]

Use of Quotient rule
subu(k)=0

Insist on K not X
Accepty=-3

Both

Any correct exp. for
Tinterms of aand b
or complete 2™ line

Use of quotient
rule to find 87
da

Solving d—J'=0 -=
dl-
2
a=_..ora =.

Condone a = + \,"'3

Full methode g T "
(+/3 ) attempted

Full accuracy +
comment

Must come from

(/3 ) 0ot 7" (+/3)

Suggest

S1=12

S2 for S+and 13 or
14.

No value of a
needed.

Fully correct and full
comment.
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Question 18 (AEA 2007 Q6)

Figure 2
L 4
=tan —
v 5 ,
i
; a
o] . z !
2
FigurezshowsasketchcfthﬂcurveCwithequatinny:tan%, Diri%r
The point P on C has coordinates [_x, tan %]
The vertices of rectangle R are at (x, 0), [% D]= {% tan %] and {_x tan %] as shown in
Figure 2.
(a) Find an expression, in terms of x, for the area 4 of R (1))
dd 1 . x
B) Show that — = — (17— 2x—2 sinx) sec? —. 4
(&) o 4( ) 3 4
() Prove that the maximum value of 4 occurs when j—: =x = z ) )
(d) Prove that tan ’%’r =V2-1. @3)
{e) Show that the maxumum value of 4 > ; {‘\"2 —1). 2)
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(«] A< k) (8-%)
(u) j?i = .i!tc.*!f- (g -=) — ert?

o.e. By ()

|
|
;H for ww ol .arv.}m;f' MR
! '

i rule
! ok a4 I f Eree Hus
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Question 19 (AEA 2006 Q7)

P

C."I—l CF! A

The circle €1 has centre O and radins R. The tangents AP and BF to € meet at the point F and
angle APB=2a 0 < o< % A sequence of circles €1, €2, . . ., Cr, . . . 15 drawn so that each new

circle Oy -1 touches each of Oy, AP and BF forn =1, 2, 3. ... as shown in Figure 2. The centre of
each circle lies on the line OF.

(a) Show that the radii of the circles form a geometric sequence with comumon ratio

1—singa
1+sine
(3)
(B) Find, in terms of R and . the total area enclosed by all the circles, simplifying your answer.
(3)

The area inside the quadrilateral PAOB, not enclosed by part of Oy or any of the other circles, 15 5.

(¢) Show that

; "
2 3 T
S5=R cz+cot:z——cuseccr——sma|.

4 4 J

()
(d) Show that, as & varies,
2 Rl o Zeosa -1
dex 4
(4)
(¢) Find, in terms of R, the least value of 5 for % Zas %
(3)
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Question 20 (AEA 2005 Q4)

A rectangle ABCD is drawn so0 that 4 and B lie on the x-axis, and C and D lie on the curve with

equation y=cosx, —— <x < 3 The point 4 has coordinates (p, 0), where 0 <p = 7

(a) Find an expression, in terms of p, for the area of this rectangle.

The maximum area of ABCD 15 § and occurs when p = @ Show that

T
By —=ag=1,
(5) 1

(c) §= L
V{l+a®)
P .
— = §=2
@ 2916+ 1)
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2.10 NUMERICAL METHODS (ITERATION, NEWTON-RAPHSON)

No questions available.
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2.11 INTEGRATION (EVERYTHING, INCLUDING TRAPEZIUM RULE)

Question 1 (STEP |1 2014 Q2)

(i) Showthat [In(2—z)dz=—(2—2)In(2—x)+ (2— )+ ¢, wherex < 2.
(ii) Sketch the curve A given by y = In |:;:E — 4.

(iii) Show that the area of the finite region enclosed by the positive r-axis, the y-axis and
the curve A is 4In(2 + v/3) — 2V/3.

- - . Dl .
(iv) The curve B is given by y = | In|x=—4 | . Find the area between the curve B and the
x-axis with |x| < 2.

[Note: you may assume that tlnt — 0 ast — 0.]

Question 2 (STEP 1 2013 Q4)

(i) Show that, for n = 0,

1. 1.

T n b 1 E n
tan™ r sec* rdr = —— and sec" T tan rdr =
0 1]

(V2)" — 1
+1 .

n

(ii) Evaluate the following integrals:

l_ 1_
T ]

3 B a3 a3
f rseclr tanzrdr  and f r®sec”r tanr dr.
0 0

. T 1 1'[2 T 1
Solutions: (ii))——= and ———-+-In?2
4 3 16 4 2
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Question 3 (STEP 12013 Q7)

(i)

(i)

(iii)

Use the substitution y = ur, where u is a function of r, to show that the solution of the

differential equation
dy

T
dr y
that satisfies y =2 when r = 1 is

y=rv4+2Inr (r>e2).

y
T

Use a substitution to find the solution of the differential equation

5
y_z 2 (>0, y>0)
dr y =«

that satisfies y = 2 when = = 1.

Find the solution of the differential equation

ﬂ=1‘2 2y

dx Yy T

+
—
2]
W
I=
e
W
=

that satisfies y = 2 when r = 1.

Solutions: (ii) y = xV6x? — 2x for x > g

Question 4 (STEP |1 2012 Q3)

(i)

(ii)

Sketch the curve y = sinr for 0 < » < .—!?T and add to your diagram the tangent to

the curve at the origin and the chord joining the origin to the point (b, sink), where
0<b<inm
z

By considering areas, show that
1 — 3b* < cosb < 1 — 1bsinb.

By considering the eurve y = a*, where a > 1, show that

2a—1)
a—+1

<Ina < —-1++v2a-1.

[Hint: You may wish to write a* as e’*“]“_]
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Question 5 (STEP 1 2012 Q5)

Show that
£ L 1
f sin(2z) In(cos ) dr = E{ln 2-1),
0

and that |
1. i
f" cos(2r) In{cos ) dr = g(ﬂ —In4 - 2).
0

Henee evaluate

b]
/; (eos(2r) + sin(2z)) In (cosz + sinz) dr .
)

Question 6 (STEP 1 2012 Q8)

(i) Show that substituting y = rv, where v is a function of z, in the differential equation

dy 5 2
— T — ? = D L {}\I
Y TV -2 (z #0)
leads to the differential equation
dv .
rv— + 207 —2=0.
Tt e + 2v

Hence show that the general solution can be written in the form
y* —2%) =C,
where ' is a constant.

(ii) Find the general solution of the differential equation

i
y% 46T 4+5y—=10 (x £ 0).

Question 7 (STEP 1 2011 Q2)

i

dr .
T+z

1
The number E is defined by E = f
0

Show that

1 ]
f ™ dr=e—-1-F,
o 1+ '

U op2ez
and evaluate f dr in terms of e and F.
A ;

Evaluate also, in terms of F and e as appropriate:

e
(i) f T dr:
o

1+

(if) f £ ar.
1

T

Solutions: First part - Use by parts, polynomial division or a suitable substitution.
Second part:2 —e+ E

() E (i) %
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Question 8 (STEP |1 2011 Q5)

Given that 0 < & < 1, show with the help of a sketch that the equation
ginr = kr (#)

has a unique solution in the range (0 < x < 7.

Let -
I =/ |sinr — kz|dr.
0
Show that )
2 sin v ,
= —Qeoso — asiney,
Dy ’

where o is the unique solution of ().

Show that I, regarded as a funetion of o, has a unique stationary value and that this stationary
value is a minimum. Deduce that the smallest value of T is

T
—2 o8 — .

V2

Question 9 (STEP 2010 Q4)

Use the substitution r = , where £ = 1, to show that, for = = 0,

3

1
[—(1I=Elﬂ{ﬁ+wr—lj—c.
vElr4+1)

1 i

. 1 —il
[Note: You may use without proof the result [ ——dt = —In|——
t2 — a2 2a |t+a

+ constant. |

The section of the curve ) 1

V= Vzi1
between r = % and r = % is rotated through 3607 about the r-axis. Show that the volume

enclosed is 2rIn 2.

Question 10 (STEP 2010 Q6)

Show that, if y = ", then
dy

< ty=0. (*)

2
[I—lj%—ﬂ’.‘

In order to find other solutions of this differential equation, now let y = ue™, where u is a
funetion of ». By substituting this into (), show that

d’u du
. du : . - . . .
By setting — = v in (#+) and solving the resulting first order differential equation for v,

find u in terms of . Hence show that y = Ar + Be™ satisfies (#), where A and B are any
constants,
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Question 11 (STEP 2009 Q6)

(i)  Show that, for m > 0,

e dr = = :Em.? +Inm.

["’ x? (m—1Pm<L1)
1

fm

(i) Show by means of a substitution that

m 1 m Hrt—]
f —  _d=x =/ du .
1/m :]"RI:.E + 1;' 1/m U +1

(ili) Ewvaluate:

3 B ¥
S
— dr;
(a) ,[]g Hzr+1) e
o+ +1
b —d
(b) ﬁ Prtl)

smmmmmmm§+4m2(m§+m3

Question 12 (STEP 2009 Q7)

Show that, for any integer m,

2 1
ef cosmrdr = 2—[.{32“ —1).
0 m= 41

(i) Expand cos(A + B) 4+ cos(A — B). Hence show that

2w
e e e B _ 19 ¢ 2%
l_] e’ coszeosbrdr = (e —1).
2o
(ii) Evaluate f e“sin2rsindrcosrdr .
0

Solution: (ii) % (e?™ -1)

Question 13 (STEP 2008 Q6)

The function f is defined by
e’ —1

() — .
(x) 1

x =0,

and the function g is the inverse function to f, so that g(f(x)) = =. Sketch f(z) and g(z) on
the same axes.

Verify, by evaluating each integral, that

L k
2 R b l
/ﬂ f{_.rjd.r—i-_/{; (@) de = 5=

, and explain this result by means of a diagram.
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Question 14 (STEP 2008 Q8)

(i)  The gradient ¥ of a curve at a point (x,y) satisfies
(v) —xy +y=0. (%)

By differentiating () with respect to x, show that either " =0 or 2¢' = x.

Hence show that the curve is either a straight line of the form y = mx + ¢, where
¢ = —m?, or the parabola 4y = x2.

(ii) The gradient ¥ of a curve at a point (z, y) satisfies
(z* = 1)(¥')* — 2zyy +3° —1=0.

Show that the curve is either a straight line, the form of which vou should specify, or a
circle, the equation of which you should determine.

Solution: (ii) x> + y2 =1

Question 15 (STEP 2007 Q3)

Prove the identities cos?# — sin?f = cos 20 and cos?d + sin0 = 1 — %siuz'ﬂ). Hence or
otherwise evaluate

X
2

fg cos'9 A0 and / sin® 9 de.
0 0

z 6 K i
[ cos' #df  and / sin” @ df .

SO S

Evaluate also

Solutions: (i) Both 3n (i) Both &l
16 32

Question 16 (STEP 2006 Q5)

(i)  Use the substitution u® = 2z + 1 to show that, for z > 4,

3 -.,f‘?:r+]~3)
dx =In{ ————— K
f{m—d}\32m+1 * n(~f23:+1+3 N

where A is a constant.

]

Ny in8 2 L.
(ll} Show that [ns md$ 31—24- HE .
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Question 17 (STEP 2006 Q7)

(i) Sketch on the same axes the functions cosecz and 2z/, for 0 < ¢ < 7. Deduce that
the equation zsinz = 7/2 has exactly two roots in the interval 0 <z < m.

[

where « is the larger of the roots referred to above.

Show that

2
T . 3T
rsinz — Ei dr = 2sina + T —ar —1m — 200080 — 1

(i)  Show that the region bounded by the positive z-axis, the y-axis and the curve y =
’|eI - 1| - 1’ has area Ind — 1.

Question 18 (STEP 2005 Q5)

(1) Evaluate the integral l
[ (z+ 1)1 de
0

in the cases k # 0 and k =0.
k

= In? when k= 0.

Deduce that

(it}  Evaluate the integral 1
/- z(z+1)" de
0
in the different cases that arise according to the value of m.

k_
Solutions: (i) When k + 0,1 = % Whenk =0, =1In?2

m2mtlyg 1
iy Tm=-LI=1-—7

Ifm=—2,1=ln2—%

(i) ifm#—1,-2, =

Question 19 (STEP | 2005 Q8)

Show that, if y* = z*f(z), then me@ = ky? + 3:“'“51{ )
dz ' dax

(i) By setting k£ = 1 in this result, find the solution of the differential equation
21 dy 2t+a?-1
TY— =1 r* -
ydi‘ v ¢
for which y = 2 when z = 1. Describe geometrically this solution.
(i)  Find the solution of the differential equation
5 dy
2r%y—= = 2In(z) — a3?
yoo = 2In(z) - 2y
for which y =1 when z = 1.

2
Solutions: (i) y = +(x + 1) (ii)y? = (Inx)2+1

X
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Question 20 (STEP |1 2004 Q4)

Differentiate sect with respect to £,

2

1
i Use the substitution = sect to show that f ————dx =
L V2 Ry, r? — 1

1
(ii) Determine [ S

(@+2)/(+ Dz +3) dz

X 1
(iii)  Determine f PRI v dz .

Solutions: (ii) arsec(x + 2) + ¢ (iii) %arcsec (xT”) +c

Question 21

[MAT 2015 1F]

For a real number x we denote by |_:EJ the largest integer less than or
equal to x. Let

f@)=%-13]

The smallest number of equal width strips for which the trapezium rule
produces an overestimate for the integral

fy f(z)dz
IS
2
3
4
3]
it never produces an overestimate
Solution: 3
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Question 22

[MAT 2010 1F]

The graph y = f(z) of a function is drawn below for 0 << z < 1

14

1121

14+

13 12 34 1

The trapezium rule is then used to estimate

) f(z)dz

by dividing 0 < = < 1 into n equal intervals. The estimate calculated will
gqgual the actual integral when

n is a multiple of 4;
n is a multiple of 6;
n is a multiple of 8;
n is a multiple of 12;

Solution: n is a multiple of 12
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Question 23

[MAT 2008 1F]

If the trapezium rule is used to estimate the integral

/ﬂlf(a:)d:c

by splitting the interval 0 <¢ z < 1 into 10 intervals then an overestimate
of the integral is produced. It follows that:

the trapezium rule with 10 intervals underestimates
1
fu 2f (z) dx
the trapezium rule with 10 intervals underestimates
1
fﬂ {f(x) - 1) dx
the trapezium rule with 10 intervals underestimates
2
Ji fz—1)dz
the trapezium rule with 10 intervals underestimates

Ji(1— f (@) da

Solution: Option 4

Question 24
[MAT 2009 1H]

When the trapezium rule is used to estimate the integral

1
2%dzx
0

by dividing the interval 0 << 2 < 1 into N subintervals the answer
achieved is

1 1
(i)
(13

Solution: Option 2
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Question 25

[MAT 2002 1E]

Note: Such a question would no longer come up in the MAT, as it is based
on A2 content

Which of the following integrals has the greatest value?

ki3
fﬂﬁ sin? z cos zdx
fﬂﬂ sin® z cos zdz

fﬂﬁ sin z cos? zdx

fﬂ_z sin 2z cos zdx

Solution: Option 4

Question 26

[MAT 2003 1D]

Note: Such a question would no longer come up in the MAT, as it is based
on A2 content

What is the exact value of the definite integral

2 dzx
; T+ a3

Solution: %ln (g)
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Question 27 (AEA 2013 Q5)

In this question u and v are functions of x. Given that ju dx, J vdx and juv dx satisfy

juv dx= U u d_r) * U v d_r] uv =0
ju dx jv dx
(a) show that | = +—
u v (3]
) Ju de
Given also that =sin x,
u
. L o J\«' dx
(b) use part (a) to write down an expression, in terms of x, for _
v
(1)
(c) show that )
ldu 1-2sinxcosx
u dx sin” x (3)
(d) hence use integration to show that u= Ae “"“cosec’x, where A4 is an arbitrary constant.
(6)
(e) By differentiating e™"* find a similar expression for v.
(2)
Question Scheme Marks Notes
(a) | Differentiate: uv=v [11 dx+ uj vdx Ml Aftempt to diff
L Al Correct prod. rule
. |udx j-vdr Alcso
+uv leading to 1== + (¥) 3
b u v ()
(b) J".dr B1 S+forl—-c'=5¢
=cos"x 1
. )
(c) - 3 ) du . , . Multiply by u and
Diff usin” x= Ju dy gives u= —sin"x+ulsinxcosx M1 differentiate
dx Or quotient rule
du . 5 . . ldu 1-2smmxcosx dM1 Collect u ferms
—sm  x=u(l-2snxcosx) ..——= —
dx u dx sin” x Aleso
(3)
d 1=2sinxcosx M1 Separation of vars.
@ Separate variables: j- du = [ i "l dx Condone missing
sin’ x integral signs.
RHS [ cosec 1—-c0t1} dx M1 Prepares RHS
Integrate: Inu=-cotx,—2lnsinx +e ALAl |+con2®Al
S S M1 Collect In terms or
111(11 sin }\.) cotx [+c) BN
n = Ae™*coseciy Aleso | No mcorrect work
(6)
() - dy nx . wnr @ Mi For differentiation
y=e""=> —=c™sec"x or ¢ —(tanx)
dx dx
Hence v=Be™ sec’ x AL (2) | Condone ot Bbut
(15)
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Question 28 (AEA 2013 Q6)

(a) Starting from [f(x) —Ag(x)]" = 0 show that 2 satisfies the quadratic inequality

([[g(x}]1 dr],ll —2[jf(_r}g(_r} dwc],ﬂuf[f(_wc}]1 dx=0

where a and b are constants and 4 can take any real value.

(b) Hence prove that

>

Hf(x}g(x} ilr]_é [j[f{x}]l dr] x [j[gmf dr]

(c) By letting fix) =1 and g(x) = (l +_r}]%‘ show that

j(]+_r3]% dr < %

-1

T, o, 1293
(d) Show that_[l_r (14 ) dx = :
(e) Hence show that
144 7 3\
Egj(]*‘_‘t"]' dx

-1
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Question Scheme Marks Notes
(a) [f(.r)— X,g(x}]] _ [f(x}]] — 24 (x)g(x) + JE [g[x)]z M1 Attempt to multiply
S+ for 3{?3 Integrate dx throughout with inequality Aleso | No meorrect work
COMUTETNY
2 o
(b) | Treat as quadratic in A and attempt to use discriminant M1 A & identify a, b, ¢
Clear reason for use of b"—4ac<0 (or < 0) c.g. “no real roots” Ml Reason for =0
o 2 o o 2 Condone 4s
Giving: | [f(x)e(x) dr | < [| [0 d:a}x[ IES clx] ( Aleso | Condoness
v v v o.e.)
(3)
() glx) = (1+ x ] and fu) =1
Then [E] I: 1+1 :I |: :| Ml
2 . - MI. Integration
[(1+5) ch—{1+T} A== Al [673(0e)
_1 .
81 . 9
So E*<s— ie Ex— Aleso
4 2
)
d - 1 1 M1 k() and 5/4 power
@ Jl‘[l+ 13]1 Cb(=1—1;(1+)(3)T Al All correct
TP - ) . - Must see one of the
-[‘:i(l+lj }* :l.i[[g)T_O}:ingt: 1243 Alcso | expr between { .}
l 15 . j 15 15 and the answer
(e) | Let E = required integral.
3 ) 3 Suitable f and
fix) = (1+x‘ }J* and g(x)=x B1 uitable fand g
2 . Suitable inequality
Then [Ld}] j-.r dx M1 for E
|
2 572 Allow ship e g
x 32 1 33 :
[xtar=| | === Ml |l 1
e 51, 5 5 5 )
144 %3 33 144
So <Ex——=E> Aleso
25 5 55
(4)
(16)
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Question 29 (AEA 2012 Q2)

{a) Show that

sin3x=3smx—4sin'x

(3)
Hence find
(b) jcus.‘r (6sinx —2sin3x)7 dx
(3)
1
(c) j(?} sin 2x —2sin 3x cusx}-" dx
(4)
Qu Scheme Mark Notes
(a) | sin(2x +x) = sin2xcosx + cos2xsinx M1 Use of sin (4+5)
= lsinxcoszx+(smx—lsi_u3x} M1 Use of sin2x and cos2x
=2sinx—2sin’ x+sinx—2sin’ x=3sinx—4sin’ x Aleso
Useofi | sin3x=3cos’ xsinx.—sin’ x for M1, M1 (3
®) | 6sinx—2sin3x =6sinx—2 (5 sinx —4sin’ x] =[8 sin’ x] M1 Attempt to use (a)
I= ‘[CO\:‘ xdsin? x dx Al For 4sin"xcosx only
4sin’x | 5 4
= (+c) (0.e.) e.g. gsin2xcosx—3sinxcos2x (+e) Al (3)
c - . ] 1 - . ) 1 Use of sin2x
© | (3sin 2x —2sin3x cosx)jclx = | (6sin xcos x—2sin3xcosx )} dx | Ml
) ) 31 Use of (a) to simplify
= j‘c:cv-s{r x2siny dx or J(S cos xsin’ .1"]3 dy | Al i.ntegrar(ld) Pphfy
= —icos‘}x (+¢) M1 Attempt int. —)kcos‘}x
2 Al (4
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Question 30 (AEA 2012 Q6)

-1

o 0 X

Figure 1

Figure 1 shows a sketch of the curve with equation y = (x + a)(x — b)*, where a and b are positive
constants. The curve cuts the x-axis at P and has a maximum point at § and a minimum point at Q.

{a) Write down the coordinates of P and Q in terms of @ and b.

(2)
(b) Show that G, the area of the shaded region between the curve PSQ and the x-axis, is given
4
a+b
12
(6)
The rectangle PORST has RST parallel to QP and both PT and QR are parallel to the y-axis.
) G
(¢) Showthat ——————— =k, where k is a constant independent of @ and b and find the
Area of PORST
value of k.
(8)
Aa) | P (-L’l. 0) Q (50) B1B1 "‘IHO“'BLBO for (0. -a)
(=i
@
(b) r (x—b 3 (x—b b M1 for correct attempt
| (x— M1,
I=[(x+a)d E ) .=|(x+ a) } j( } ALap | Dy
- P B1, M1 for second stage
=0._| G=by =(0)- (—a—b] = ["H'b} M1 integration
I_ 12 _I-a 12 12 Alcso
(6) )
© | y'=(x=b)* +(x+a)2(x—b) Ml Some correct diff n
¥V =0=0=(x-b)[x-b+2x+2a] M1 Aftempt to solve y=0
—2
yob=2a Al
3
. (a+b)( —2a-2b % 4 3 Sub to get y co-ord of §
¥ co-ord of Sis: Ys= 3 | f | :E(a +b) dM1 Dep on 2" M1
M1 wsi t formula
Area of PORST = y; X(a+b).= (a+b) dM1A1 Dcp“iﬁ%fa‘?;c
(a+b) M1 dep on 2* and 3@
e e M1. Must eliminate
Ratio= —12— =21 _2 BILAL | (a2
A (asp)t 4816
27
[16]
ALT | Expand
(b) = 3 2 _pyt_2 2 2 M1 for 6 terms (3 corr)
I J- x” +ax” —2bx” —2abx+ b x+ab j dx MIAL | a7 for ol correct
( b“ 4ab3 ) at 4a’b  6a*bt ) MI1B1 M1 some integration
= ‘_‘ e — | —3 answer Al Bl some use of b & -a
\ 17 12 12 12 ) Alcso Al one bracket correct
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Question 31 (AEA 2012 Q7)

[arccosx and arctanx are alternative notation for cos'x and tan'x respectively ]

Ya
P R
/\/\cy
cosl
o
0 2
Figure 2

Figure 2 shows a sketch of the curve C, with equation y =cos(cosx), 0 <x <2rx.
The curve has turning points at (0, cosl), P, Q and R as shown in Figure 2.

(a) Find the coordinates of the points P, O and R.
4)

The curve C, has equation y =sin(cosx), 0 < x < 2x. The curves C, and C, intersect at the points
Sand T.

(b) Copy Figure 2 and on this diagram sketch C, stating the coordinates of the minimum point on
C, and the points where C, meets or crosses the coordinate axes.

(3)
The coordinates of S are (a, d) where 0 <a <.
.
(c) Show that a = arccos(—),
4
(2)
(d) Find the value of 4 in surd form and write down the coordinates of 7.
(3)
The tangent to C, at the point § has gradient tan j3.
_ f16-7"
(¢) Show that f = arctan | .
v 32 (5)

(f) Find, in terms of £, the obtuse angle between the tangent to C, at S and the tangent to C, at S.
(3)
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(a)

(b)

(©)

(d)

(e)

®

3

. w
Max of cosu 1s 1 when u = 0. u = cosx =0 when x == or —

P(Z.1) R(3£.1) [Require 1 not cos(0)]

cos(-1)=cos(1)so Q(m.cosl) [Accept cos(-1)]

¥

sini — —

><\/

) ] Accept pomnts NOT
marked on graph

cos(cosx)=sin(cosx)=1=tan(cosx)

3T [
cosx=— (01‘ T} S0 X = =arceos; — |

i E '\:
d = cos(cosa) = cos| =
'4
S arccos| — ‘ Acceptd= — (0.2,
| J_ | P VE ( }
( ) 1)
T‘ ir— alLLOSI —
\ L4)'V2)
3 =sin(eos x)sin x
m=sin(%)sin
1 _16-7°
m=—=%xX——
V2 4
16— [ 16-7* |
m= so f=arctan| |
32 ! 32
For C,: y =—cos(cosx)sinx
m'=—cos(L)sina, =—tanf (oe)eg - 15_;_}“_1

/

28

Obtuse angle is 7—2f

tan ff =

16—x*

K4 .
<l=f< 7 2/ 1s acute for S+]

M1

AlAlL
Bl (4)

B1
Bl
B1.BI

Bl

M1

Alcso
(2

M1

Al

B1ft
(3)

MI1A1
M1

M1

Alcso
(3

M1
MI1A1

M1

Method to get at least one
of these values

Implied by correct P or R
Condone degrees in
any part

Shape (one —ve min)

sinl seen at ends and
cosl<sinl <1
X 3T

(. sm(-1))

Use of sin/cos= tan

Allow verify but needs

a comment ~ so &= .7

ft their y co-ord of §

M1 for attempt at chain
rule

Substitution attempt

Attempt siner 1n T

Attempt )’

M1 for sub of o

Attempt to find angle
between two tangents to
get 2form-24

Allow 180 - 28
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Question 32 (AEA 2011 Q2)

Given that

(1 +tan [%r]f dx=a+Inbh

=R e ]

find the value of @ and the value of b.
(Total 7 marks)

2 : r
N 1.0 _ 4 1 261, M1 Attempt to multiply
(1 131121} —1+_tau(2x}+ran (2"} 3 terms at least 2 correct
_ 201 . 1. ') o)
= se¢ (?l}—ltﬂﬂl{j.’l} M1 Useof sec” o =1+tan”

can (1 + 1oV Ay — 2 1.4 ~ Ly} 2 M1 for attempt to mtegrate
Hscc (Jx)+-rm1[]x)3]dx 2tan($x)+2In(secix)x2 | Ml (208 or F Insecd)

Al A1 for all correct

Use of limits 5 seen

- o tanEa i M1
E[ f y ) dx =2tan 3 41nsec 1 (0) (provided some int. attempt)
=2 +4]11VG Al g=42-{.»‘55. ’}]_n"ﬂ:'
_ = ccept 2In2
2 + Ind Al Al1A1 dep. on 4% M only

(7)
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Question 33 (AEA 2011 Q4)

The curve C has parametric equations
)
xX=cos" ¢
V =costsint
where 0 <<=

(a) Show that C is a circle and find its centre and its radius.

y

(0]

Figure 1

Figure 1 shows a sketch of C. The point P, with coordinates (cc-sla , COS¢ sin g ]_. D<a<Z,

lies on C. The rectangle R has one side on the x-axis, one side on the y-axis and OP as a diagonal,

where O is the origin.

(b) Show that the area of R is sina cos’ a

(c) Find the maximum area of R, as & varies.

(a) 2y = 2sint cost = sinlt

2x=2cos’t =>2x-1=2cos’t—1=cos2t
(2x-1)"+(2y)’ =1
(x—%}é+}-‘2=(%)2 so centre (%.O). r=%

2 - 3 .
(b) Area of R = cos” ayxsinacosa =Cos” arsing

3 2 - 2
= QoS Ccos” @ — 3008 @sin” o

(©

a
E=0::>::o¢,2ac[co\;zaz—f%siuzoe_")z'[)
da
2 . 2 1 T o
cos a=0:>[a=%] or tan"a=—=a =— (or 30°)
- 3 6

A" =2sinacosa(3—8cos’ &) and show <0 for a = %

or argument based on = § gives min so this is max

. . 34/3
Maximum area is ——  (0.e.)
1

M1

M1
M1

AlAl
(5
B1(1)
MIALl
M1
Al

Al

M1

B1
(M
(13)

Use of sm2r

Use of cos2t
Successfully eliminating ¢
and eqn. for circle

Al for centre
Al for radius

Some evidence of xy leading
to given result

M1 for use of product rule

M1 for setting dertvative =0
and attempting to solve

Al for “tnig” = Al fora=_.
Canignore = % but
consider for S+

Some check that this value of
@ gives a max

Single fraction with rational
denom
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Question 34 (AEA 2011 Q5)

(0] ) x
X

x=-2 =2
Figure 2
. - . . x- =2
Figure 2 shows a sketch of the curve C with equation y="— p and x #+2.
X" -

The curve cuts the y-axis at U.

(a) Write down the coordinates of the point U,

(1
The point P with x-coordinate a (a 20) lies on C.
(b) Show that the normal to C at P cuts the y-axis at the point
)
5 2
ao2 [a*-4)
0 ] 2 -
a —4 4
The circle E, with centre on the y-axis, touches all three branches of C.
{c) (1) Show that
2
a  (a’-4) » (@ -4
5 —_ =g +—
2d* —4) 4 16
(i1) Hence, show that
2
(a -4) =1
(iii) Find the centre and radius of E.
(10)
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(@)
(b)

(e)(d)

(i)

(iii)

Uis (0. %)

dy B {xz —4)2);—(.1‘3 —l}lx _ 4x

dx (Iz _4)3 . (_1_1 _4}3

: 2
{a‘ - 4)
Gradient of normal at P = -

4a

. a
Equation of normal: y————=- (x—a)

P 2
. a’-2 (G—_4)

x=0gves y=— —=

a —4 4

No use of circle is 0/5 for (i)
Centre is at (0. k) [where k is y-coord from part (b)]
Radius =y coord of their centre — 0.5

Radius to P =, |a’ —i k—
L
From (b) and k - 0.5:

a’-2 1_(“2‘4)2 :az_(”z‘”

-4 2 4 16

@ @] @4
| 2(a*-4) 4

4 202 o N ?_,
a _afa 4}_((1124?‘(:“3_'_((:

A(a® —4) 4 16
a’ _1+a1—4 _I_4—a‘—41_
Aa*-27® 4 I 4
(.91—4)2 =1 (*)

a’—4=+1 so a=i\f§ or iv@

= - ——=1—41 so centre 1s (O.%J rad is %

Bl
(1)
ML.
Al
M1

M1

M1
Alcso
(6)

Bl
B1

M1

M1

Aleso
(%)

M1

Aleso

Al

AlAl
(5)
a7

For y coordinate

M1 for attempt to diff. (Two
parts and one correct)
Wrong formula used 1s MO
Al when num. simplified

Use of perpendicular
gradient rule and x = a

Attempt at eqn of normal can
ft their changed grad

M1 clear use of x=01n
norm

A1 for no mncorrect working
seen

May be implied by a sketch
radius touches at U

Expression for radws from
centre to P

For attempt at a suitable
equation mn a

NB r°=LHS implies B1B1

N
[When cancel a~ and
constder a = 0 for §+]

:n'l—-'l:l_ 2
Remove —z— and cancel a

For a* =5 or better. VE
can be 1gnored and +
Dependent on 3™ M1

[S+ for reason to reject -s..'rg]

A1 for centre. Al for radius
(Dependent on 3™ M1)
[May imply some Bs]

www.drfrostmaths.com




Question 35 (AEA 2010 Q5)

1
I= J G-V

{a) Use the substitution x —1+u ' to show that
1
x+1 Y
[=—]— | +c.
x—1

(b) Hence show that

dy = cot(EJ— cot(ﬁ}
2 2

sec i 1
La (x=DE" 1)

(7)

(a)

.'.I=J’ ! ( 1 1du
u'1~..|':."J +2u u’
i

=—(1+ 2!{)";-' (+c)

I=_

(0.€)

1 . 2
Uses u=—— togive] =—(1+ Y +e
x-1 x—1

. 1 SRR
sec l] +[sca..af IJ

sec f-1 seca —1

®) | =-

1 .1
_ 1+<:0=,,6’]‘_{1+s:u:1r\;c:r:]:r

l-cos g l-coser

2 4 s 2. 33
lcos'(g) : +‘ 2cos (%) ]E
lsinl(—f} L 251'113(%).

] (*)

{ '

- {3

|

. I=_{x—l'
x—-1

[#2" is needed]

B1

M1

Al
M1
Al

M1
Alcso

™
M1

M1

M1

M1
Alcso

(5) 2]

Correct dx/du (0.2.)

Attempt to get T i u onky

Correct simplified
expression in # only

Attempt to wmt’ their I
Cofrect integration

Sub back in xs

Including + ¢

Use of part (a)

Multiply by cosx

Use of half angle
formulae

Correct removal of .
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Question 36 (AEA 2010 Q7)

==

fx)=[1 +cc-s{x+§)][l +sin(x+§}], O0<x<2r

(a) Show that f(x) may be written in the form

f(x)= {T;+cusx)2, 0<x<2x
(5)
(b) Find the range of the function f(x).

(2)
The graph of y=f(x) is shown in Figure 2.

y.i
y="1f(x)
0 2T x

Figure 2

(c) Find the coordinates of all the maximum and minimum points on this curve.

» (6)
y=£(x)
y=2

0 T x

Figure 3

The region R, bounded by y=2 and y=f(x), is shown shaded in Figure 3.

(d) Find the area of R.

(8)
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T(a) | f(x)=[1+(cosxcosL—sinxsinL)][1+(sinxcosL+cosxsinZ)] | M1 Use of sin(4+5) etc
=[1—71§cosx—jlzrsinx)][l+jlgsinx+:%cosx] Bl s'm%=cos%=;};
=(1+ %cos x) - (%si.n x) or =1+ %cos X+ %cos: J.'—%sin2 X | Multiply out and
3 1 2 1 2 remove sSinycosy terms
=l+jcos x+3cos x—3(l—cos x)
o 3 ) 2 M1 Eqn in cosx only
So f(x) =%+%cosx+cos x = L%-i—cosx} (*) Aleso
(5)
- 3 . | - (L 2
(b) Range: 0<f(x)< (71;+1)‘ or equivalent e.g. 1+71- M1 M1 £0or £=(5 +1)
) ) Al (2} | Al both [M1AO0 for <]
() | cosx =1 gives maxima at (0.3 ++/2) and at (27.3+~/2) B1 BIift | Ifyce-ord is wrong
- - allow 2™ B1ft
Minima when [’_% +cosx)=0=>cosx= —% soatx=3% or & | Ml M1 for y=0 at cosx =
- - Al A1l for x co-ords
f'(x)= —.ainx(_'}E +eosx)=0at x=um, M1 iolrff'(xj:o and x = 7
. , t
soat (7.3 - J2 ) there is a (local) maximum Al(6) ormapom
(d) | ¥ = 2 meets y = f(x) so (% +cosx)’=2 = cosx = ‘,r- M1 Form and solve correct
f] eqn
sx=% or £ Al Both
Area= J. (2—1(x)) dx [or correct rect - integral o.e.] Ml Correct strategy
= I(l — ﬁcos x—Lcos 2.1‘) dx M1 All terms of mtegral in
suitable form
= |:.1' ~sinx —%si.ﬂ f.'x] dAM1A1 | M1 for some correct
mnt” Dep on previous M
. Al for all correct
Tx 1 1 T 1 1
_{ 4 _JEX\F_EXll_[__JEXF_ZJ dM1 Use of their correct
< < limits. Dep on 1% M1
3r 5
= 2 _E Al (8) NB Rectangle =37
[21]
- . a4
ALT | (a) f(x)=1++/2 cos(x+Z—Z)+3sin(2x+3) I"MI1BI1
= 1+\/Ecosx+%cos 2x 2™ 01 Remove sin(2x + 5 )
= l+ﬁcosx—%+coszx 3™M1 | Thenas inscheme
i — —
ALT | @ J.(j- +cosx)2d1'=f%+w{3cosx+%+l:cos 2x dx 3 M1 | Allterms in form to int
: . th
= %x—ﬁsmr+%smlx+%x 47 M1
i ) Al

Will score 2* M1 when
they try to subtract from
area of rectangle
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Question 37 (AEA 2009 Q6)

V4

R

o /A X
Figure 2

Figure 2 shows a sketch of the curve € with parametric equations

x=2sint, y =In(sec 1), 0=t<

|~.J|t-'-|

The tangent to C at the point P, where 1 = % cufs the x-axis at 4.

|'
3

(a) Show that the x-coordinate of 4 is MTU —1ln2).

(6)

The shaded region R lies between C, the positive x-axis and the tangent AP as shown in Figure 2.
N N I ]

(b) Show that the area of R1s V3 (1+1n2) =2In(2+v3) - L;(ln 2) .

(11)
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(a)

(b)

Pis (4/3.1n2)
4 _y_ tant
dc & Z2cost

When 1 = % m =43
Equation of tangentat P is: v —In2 = +/3(x=4/3)

L 3 In?2 4B
A iswhere y =0 —E+ﬁ=x =(x =)?[3—1112:|

Area under curve = fSJ:dA'= {Iﬁ}:lﬂ sect.2 costdt

J (0}
ruil
~[2sintlnsecs]- | 2sinftant df
-1 1 - . E{I—CDS'I]dI
N cosf
=[ 1 -2 sectdt +2 {cosra’r
=[2sin f Insec] - 21nfsect + tant| +2sint
=3 m2 -2mR2+3]1-0)+(2 %—{})
L\3(n2<1)- 2102+ 3
Areaof A =1 «J’E-*’Efj—mzj |In2 {=‘“:(1n2)3}
Area of R = are under curve —area of A

B

='\E{]ﬂﬂ—l]—E]ﬂ{?+w‘§]—?[1ﬂ2}: ()

Bl
M1 Al
Al

M1

Al cso
(6)

M1

M1
Al

M1
Ml

M1

Bl

M1

Al cso

(11)
[17]

Score anywhere.

M1 attempt d_1

dx

Al comrect

Attempt tangent at P.
v ther P and m
Al 3—In2
ow
NE]

Attempt
[yde i

condone missing 2

Attempt parts.
Both parts correct.

5

Useofs =1-c°
Split
Acceptcosffan i

Use of cormrect limits
on all 3 mtegrals

Any correct
expression.

Stratezy must be

{ oT area
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Question 38 (AEA 2008 Q2)

The points (x, ¥) on the curve C satisfy

dy
+ 1 L 2 —_— = J
(r+ 1)(x+2) =9

The line with equation y = 2x + 5 1s the tangent to C at a poimnt P.

(a) Find the coordinates of P.

(b) Find the equation of C, giving your answer in the form y = f{(x).

S D 2_[1¢J(?H 2)

2 (at +3x +1) = & ( 1245)

x =k
:-j =I-"'3

(a)

=

dy
dx

cj:-.is-tF =

-

x4y

E or P L""l\-u_'f)]

. — -
— e —

d=x

2

j[_.ﬁ..g L){_k'i )

()

el

-
-

lay =u[

Ht:,i
B et

{3 41)

- A (x4t
(e 40)

e A2
-3)

5 - j{xﬂ.}"

b (41

u )

u:.}.‘s ?'(_"h. "3) =2

J('ﬁi_i dx

XL\[Kfli —L_ndktil ['d-c.‘}

or ba @ﬁ‘]ﬂ

(O]

(P #)

Subs_"{r:z

suly y Prixas
od aHerph Rosdve

Seporation atempt

Pilengt pactial fracions

Come comesk La leml,
oF x fundtion

We of log rules
- (A [ate)]

&t‘hhg, sukoFloss

We P b Gorm egpnin
A e C

(r.em!mt Ael s t;&)

(e hae A" o i)

C))

(8

Mi

Mi

AL ()

il

M1

Ml A

ML

Ml

Ml
1
Al

Al (o

e Sy .
b G Motz fiy ||
{

- @
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Question 39 (AEA 2008 Q4)

Figure 1

4
Y

A B

Y

(¥ X

Figure 1 shows a sketch of the curve C with equation
n
y=cosxln(secx), -5 <x<

The points 4 and B are maximum pomts on C.

(a) Find the coordinates of B in terms of e.

(3
The finite region R lies between C and the line 45
(b) Show that the area of R is
. (l.]+’?]n(+" 2 1) 4 2 1
< arccos (-] + 2l [e +V (@ -1 - £V (@ -D).
[arccosx 1s an alternative notation for cos ~'x ]
(8)
(n.) é_'_,d = =Sk talsex) + cosxc. Faax. . Use oF produckrale M1 AY
doc )
weo » o= sax(l- alsee)) ‘ Tabe owk £r& fodbr| M1
|: L4 % o = a0 Min ok onyin J [Snu-lu ]
‘ T AL A
Laseesx = | = sex =8 ; .. Ga[orcwale-. J_) _ AL (5)
: (2) [Redderstc ~ S 7 Po- cRalig Mt
(&) % T - j‘cmx. lafeex)dx = siaxlasax -ISF‘“-M M?ﬂpl’: f‘)“l Hi Al
§ % = _
L, )
‘ - ) - - P‘d—'f LLRAC bann Vl{"# Hl
1 = Dz La secx —J\ -%‘E{-‘ dx - SAxlasea !(reu. ‘M)N legrbhe e
3 Ao AL AL
Luseex — Lalgecx + ) + s_.;;::f, 0-e conel lﬂb‘ﬂl«)ﬁ.&_ al
I = S st o 3 71 | Afleapt cormeek limibs b
C el ML - congleln ol
. d.('th af\) ‘G\‘.*Jo“"v conplelt =
s = [I]° ' ih Yeomrob 2y T B .
S = E-:I - La[ﬁ + Scz-ﬂ] *‘l—-%':‘
e W
! l e,
- ¥ ujL' {-l\ E}"‘ | £ ﬂ
free = 2_[!-6-‘;@4% S‘l - .E:ou—e 5 +2 (et &gg @)
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Question 40 (AEA 2007 Q4)

The function hix) has domain F and range h(x) = 0, and satisfies

J‘h(.r} dv = J‘n'h(-\'} dx .

(a) By substituting h(x) = l j_—l\i . show that

)
L2+,
where ¢ 1s constant.
(3)
(&) Hence find a general expression for v in terms of x.
(4)
(¢) Gven that h(0) =1, find h(x).
(2)
E - Suly and [ RHS I
(EL[‘I‘JJ.X- :) \Y &i AJ: = 3 [:‘;} cendoae M'J{‘Ma +tC Ml
Sqpace { ey ax = (y+e)" sqpariag | M
Vi feediale Hx]:(%)t = 1(4+e) @i) d i€ Fereatiake A
= d T ‘ < by f;ii iH{ Alete
=) dy = 2.(5-'::-‘,'@ . [, v ..gﬁ,!{c |
doe . [ 6rsmet] (s5)
|
Sepas o M
__I'__ A'I_-j - 1_ &-"f- P n ]
. ! b -condone [P
afyxch = 2xl « ) imc:ﬂsm;
":]"fc' = l':'Li'."r‘lht io.n.l*of- logs M
H = HE«M - C or ﬁeh 1’11 -ﬂihéttc ntfslled! Al Cq—}
() dy . 1ae™ |
Az : !
el Anexprinbe by
inrut.lll :&3\1 = Ll"ﬂ Q'hr i_.,aiH.. arlritemay mn;f.'_i
LA ) i
b o A
hlg=t =  4A*=\ hle-e “ lr t&%
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Question 41 (AEA 2006 Q6)

Figure 1

Figure 1 shows a sketch of part of the curve C with equation
y=sin(lnx), xz=1.
The point @, on C. is a maximum.

(a) Show that the point P(1, 0) lies on C.
(b) Find the coordinates of the point Q.

(¢) Find the area of the shaded region between C and the line PQ.
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(e

e mal}?-_-;:.(.j_hn‘) s 5. 0

o

. |
p = C(1,0) —t f i, =< Al
ﬂ.s-.ﬂG
f .
3= *mu—v x) r'”;lﬂ
g : £ ) = Lo = iTh
i & G e :ﬂ-.}._--a F_:_Lﬁ}b "
@ faT () ki
- [;w“,l‘} Moo
! = _
& &,
; heew = [ saftan)dn — M AR | M
i I (M—W—-&.]
1 'J':?._
2 heen Alat = l}:ﬂ"‘ (.L —~‘} 2
ol p N
I.{
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Question 42 (AEA 2005 Q3)

Given that

da‘{ de x
S k=T« 2
d_x dx

D=x=1,

where u 15 a function of x, and that ¥ =4 when x = E find # 1n terms of x.

(&)
%(“{;) J;:%LL +_:'}?-:‘“ (f"“"““““‘q‘):t
w =l eI
Sy I - toE Whe P (et ‘fg“’“*)"'g’*"i}
[ i
. ”t;rﬂ(;ri": ) = &
ek u (1—1::) - % (\L‘"f&};"”‘;) &
.
[ LY (or ot 1)
.-._ — | — L at
u.. Mo e
. L«.:.Ld—l- JLF(..__““)[;LK] @ #'[El“f:ﬂ’
Lw Aalru *})
ﬁfﬁ#ﬁ#—“ﬂ@ﬂ
e
1,:_7-’4') " _;'3"’5 =2 e ={%:-+ = W{T;L““r‘% Ml
‘f
: L.&_P'l-("_irw) ; A
(1)
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Question 43 (AEA 2005 Q7)

(a) Use the substitution x = sec #to show that

J‘\"(_\-J -1 dx
can be written as

J‘secﬁ’tanJQ da.

(3)
(&) Use integration by parts to show that
J‘secﬁ'tanzﬁ dé = % [Secéitan &—In |sec6’+tan9|] + constant.
(7
; ]
(c) EvaluateJ‘ sin x\(cos 2x) dx.
o
)
_I‘_ = f (;_‘,.n.r.*ﬂ"l},‘ S,_,l-r_ﬂll-r\-“‘ "’"3‘ (;‘:‘E"-—L}1L r\r
= [ feoep prl0 LB A (3)
(U’ T o= J.{—ha(f-rztahwﬂ-lh"t] {cu-.a-u-u‘r} Mi
= L=e B i-;u-—“-""; - ,r Lot i:"“t&-m *'r*l
= fee & =B {-E_L:G Cl_“—‘_’h“&}d@ [‘Eﬁ) h!rﬁl
- T ' .

v  [aef brab — [ fee8 AP

LT = feed bad - B | B e (+ <) t 1 (el
. ,L...tiuﬂf- I—-.-.f.'l- E-c:o—.‘{ Tl
RS P o

- e _ { :-)

Ty

[b] lr[ - ( f..;‘.m.‘/lﬂr--nl:-t-! Ao M|
u .
3{) e = VT cemn ;A= Y PV {u)oLw«LTF M
s ) ‘-“"‘*".
e = _JJ: g..’ .,—-L._:‘_r Ao qnw‘] Al
i E H
I W= o & } Ao = e B b & AQ [LL" &‘} :
(7 < 6 da (Amw)| My
= "x Ll./ fre 01 A R
-+ _Vf_
I R A (TR ST BRSO 41ma||] ‘gl Heqg
i - [— = 1 o U:-‘j o --(t-ﬂ_!.. By
- J_E_(J';_.L(J:?,f-l‘}). fon | W
L i
) : ﬂ—' . Y
@ ﬁw-xﬁamz--«&, N = T L | S L]. e = ee b ( )
q
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2.12 VECTORS (3D CORDS)

No questions available.
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2.13 VECTORS FM (VECTOR EQUATIONS OF LINES — NO LONGER IN STANDARD A LEVEL)

Question 1 (STEP 1 2014 Q7)

In the triangle QA B, the point I) divides the side BO in the ratio r : 1 (so that BD = r D),
and the point E divides the side OA in the ratio s : 1 (so that OF = sE'A), where r and s
are both positive.

(i) The lines AD and BE intersect at . Show that

rs 1
b ,{]_-'—
14+7r+rs 1+7r+rs

2

where a, b and g are the position vectors with respect to O of A, B and &, respectively.

(ii) The line through G and O meets AB at F. Given that F divides AE in the ratio ¢ : 1,
find an expression for ¢ in terms of r and s.

Question 2 (STEP | 2007 Q7)

1 2
(i)  The line L; has vector equation r = |0 | + X 2
2 -3

| 1

The line Ly has vector equation r = | =2 | 4+ p 2

9 -2

Show that the distance D hetween a point on Ly and a point on Ls can be expressed in
the form
D? = (3p— 4\ —5)" + (A - 1)" +36.

Hence determine the minimum distance bhetween these two lines and find the coordinates
of the points on the two lines that are the mininnun distance apart.,

2 0
(ii)  The line Ly has vector equation r= | 3| +a | 1
b l
3 4k
The line L, has vector equation r = Jl+81-k
-2 —3k

Determine the mininmm distance between these two lines, explaining geometrically the
two different cases that arise according to the value of k.

Solutions: (i) D = /6, (3,2,—1),(7,4,3) (i) D = V50 if lines are parallel, D = 5 otherwise
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Question 3 (AEA 2013 Q3)

The lines L, and L, have equations given by

-7 2 7 10
Li: r=| 7 |+A[ 0 |and L,: r=| p [+ul-4
1 -3 —6 -1

where /4 and g are parameters and p is a constant.
The two lines intersect at the point C.
(a) Find

(i) the value of p,

(i1) the position vector of C.

(%)
-13
(b) Show that the point B with position vector | 11 | lieson L,.
—4
(1)
-7
The point A4 with position vector [ 7 [lieson L,.
1
(¢) Find cos(~ZACB), giving your answer as an exact fraction.
3)
The line L, bisects the angle ACB.
(d) Find a vector equation of L.
“4)
Question Scheme Marks Notes
()| —-7+24=7+10g and 1-34=-6-pu (oe) M1 Form suitable eqns
:)14)”:_]_4 !!:_1 (1122) M1A1 | M1 foreqn in 1 var
Check in 3 equation:  7=p—4u p=3 Al Checkin 3™ p=...
-3
o N Al Accept as
. -~
Position vector of C1s | 7 coordinates
-5
- (5)
()| u=—2= 7-2x10=—13, 3-2x—4=1land —6-2x—1=—4 |Bl [Seeu=-2&ans
_ (D
(c) —4 -10 Attempts a suitable
4 Bl . i FAel B — . _ scalar product.
C4=| 0 | and CB=| 4 giving C4eCB=40+0+6=46 M1 Allow 1 sign slip
6 1 Allow +
46 46 23 dM1 | Allow +
cos(ACB) = .= =— (o.e.) A1 for an exact
/5240117 2\/1_3>< 3\/E 39 Al fraction (no surds)
3)
(d) | Form Rhombus. Let CM = 1¢4 then €D =CB+3CM M1 Attempt sulrab_le
- thombus or unit
-16 -19 vectors
CD=| 4 |or OD=| 11 Al
10 5
_3 _g dM1 Dep. On 1% M1.
_— — For attempt
r=0C+1tCD. r=| 7 |+f] 2 | (0.€) Al equation of line
=S/ \3 4)
13)
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Question 4 (AEA 2012 Q4)

=3 5 3
a=| 1 h=|-2|. c=|-+4
4 9 3

The points A4, B and C with position vectors a, b and ¢, respectively, are 3 vertices of a cube.

{a) Find the volume of the cube.

(3)
The points P, O and R are vertices of a second cube with PO =] 4 |, PR=]1
and & a positive constant.
(b) Given that angle QPR = 60°, find the value of a.
(3)
(¢) Find the length of a diagonal of the second cube.
(3)
Qu Scheme Mark Notes
(@) 78 (3 1) Attempt all of these
e | wr | | M1 three vectors or two and
AB=| -3 | BC=|-2| AC =; =5 | Only 3 vertex-vertex show perpendicular
5 | 6 (1) distances in a cube
NS . g Y For 5+ _
| 4B =+/98.|BC|=/49.|4C| =147 Miay | M forattempting one
Al forall 2 or 3 correct
BC 1s shortest so must be side length M1 Select shortest
Volume = 7° =343 A1 (5) | Requires all M marks
(b) ;E .;E —214440=25 M1 Attempt scalar product
[QPR) 25 1 Use of cos 60 and scalar
cos e e Y M1 product formula to get
504254+ 2 an equation for ¢
a=5 (Allow + 5) Al (3)
(©) | For 60° angle. PO=PR = /50 must be a diagonal of a face M1 Ei?mg- é onilQSrKPoii;jg_
Therefore side must be 5 (since face diagonal is side xv2 ) Al
Diagonal is therefore 543 AL(3)
[11]
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Question 5 (AEA 2011 Q6)

The line L has equation

13} (-5
r=| -3 |+f] 3
-8
—7
The point P has position vector | 2 |.
7
The point P’ is the reflection of P in L.
(a) Find the position vector of P’
-
(b) Show that the point 4 with position vector | 9 | lies on L.
b

(¢) Show that angle PAP" = 120°.

Figure 3
The point B lies on L and APBP’ forms a kite as shown in Figure 3.
The arca of the kite is 503

(d) Find the position vector of the point B.

(¢) Show that angle BP4 = 90°.

The circle C passes through the points 4, P, P’ and B.

(f) Find the position vector of the centre of C.

www.drfrostmaths.com
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(a)

(b)

(©)

(d)

(e)

®

ALT
(e)(d)

13-5t—-7) [ 20-5¢t
um M1 Attempt vector PR
PR=| -3+3r-2 |=| =5+3t Al
—8+4r-7 ) | -15+4r )
(-5
mwm M1 Afttempt suitable scalar
PR =0=-100+25t-15+9—60+16r=10 product
7 Al
500 =175=1t= 5
. . ) w ww” un M1 Strategy using known
If Xis midpoint of PP’ then OP'= OP+2PX vectors
7 3y (-2 (-9 15
e [ - 2 NB xis (-2, 13 6)
OP =| 2 [+2| 4 |=]13 Al
7) -1 |s ©)
Let t=4 then can see 4 lieson L B1 (1)
Showing ¢ = 4 works
i mar E wm  uar 7 Ml :
ap=|_7| 4p'=| 4 =>AP'AP'=O_ S+3—-O‘i Attempt suitable vectors(+)
z0. /<
-1 -3 3050 M1 Attempt suitable scalar
product (1)
SoPAP =120° Alcso
(3) No mcorrect working seen
PP |=4[s* +112 £ (=2 ] Bl
Attempt |[PP’| (o) or use sin60
Arca= 1 4B x PP = <0I 3= AB= mﬁ or 24/50 o.e. M1A1 | M1 for attempt at equation
e e ) ) ) giving length of 45
|A_X | = 5 50s0 AB=44X orwhent=21inequation of L | pp
3 ‘17 Strategy for finding B
um | ' Al
OB=|3 ignore t=6—| 15 (3)
0 16
0
um um um . M1
AP=|-7|. PB=| 1 |= APePB=0s0 Elllglf 15 900(“) Alcso | Full methed to find :mgle
-1 -7 (2)
Since APB is right angle 4B is a diameter Ml _ _ o
- . Using angle in semicircle
1 -/ 3 = theorem o
So centre is at midpoinr? 9 |+[3]||=| 6 |or(-2.6.4) | A1 (S+ for mentionimg)
“Ile) o 4 (2
' (19)
Finding AP and AP’ M1
l.un e May show P4E = 60
‘ =50 M1
B1 B1 for |[PP| from (d)
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Question 6 (AEA 2010 Q4)

~
4
~

)
=

~
~
~
.
-
N
% Oy
*-—-—-—----
'
'
P
'

0

Figure 1

Figure 1 shows a cuboid OABCDEFG, where O is the origin, 4 has position vector 5i, C has position
vector 10§ and D has position vector 20k.

(a) Find the cosine of angle CAF.

Given that the point X lies on AC and that F.X is perpendicular to AC,

(b) find the position vector of point X and the distance FX.

(4

(7

The line /, passes through O and through the midpoint of the face ABFE. The line /, passes through
A and through the midpoeint of the edge FG.

(c) Show that / and /, intersect and find the coordinates of the point of intersection.

(5)
(a) _5 0 Bl Vectors AC o1 AF.
S — S — Condone +
AC=| 10| 4F =10 : [4C|=125[4F|=+/500
0 20 Bl correct mods
- . 100 2 M1 Complete method for +
ACe AF =100 = cos LCAF = m :_; or 0.4 Al (4) CO‘S(CAF)
(b) 5 _5 5_5¢ a _5¢ MI: it:?:;;;;ggt;on for AC
OX =[0|+1{10 |=| 10¢ |or |10-2a|: FX=|10r-10 _
M1 Attempt FX. Must be in
0 0 0 0 =20 - terms of one unknown
FXeAC=0 = 25t+100t—-100+0=0, [t=08] M1 Correct use of . to get
. . linear eqn mn ¢
1 —4 Al =08 oe
oY = C FX =| -2 |: V| = 42 Correct vector OX
OX |8 |; FX=| -2 |and [FX|=420 L ooty
0_ —30_ H 1% J420 oe.
[|1*TX‘ =420 carns M1 M1 Al ; OX earns MIMIAIAI]
(©) 5 5 25 B1 B1 for each vector
Li:(r=)A| 5 |and L:(r=)| 0 |+ 4| 10 Bl squation
10 0 20 M1 Clear attempt to solve
Solving: 54=5-25u and 5A=10yu (0.e.) liiﬁf;g fAzora=
A=08 wu=04 i} (5) Accept position vector
Intersection at the point (4.4, 8) [16] i (S+ for clear attempt to

check mtersection)
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Question 7 (AEA 2009 Q7)

Relative to a fixed origin O the points 4, B and C have position vectors

(a) Find the cosine of angle ABC'

The quadrilateral ABCD 15 a kite K.

(b) Find the area of K.

A circle 1s drawn inside K so that it touches each of the 4 sides of K.

a=-i+ %j +7k, b=4i+ %j + 2k and ¢ = 6i +%j + 2k respectively.

3)

(c) Find the radius of the circle, giving your answer m the form pv(g) — ¢V(p), where p and g are

positive integers.

(d) Find the position vector of the point D.

&)

@)

(a)

(b)

(c)

_5
BA=|0
5

Area of K=2 Area of AABC

2
BC = |4 Attempt both
0
BA.BC =-10= Sx-"'EXE\fECOS(Aﬁ’C) Use of .
~ 1
cos ABC = ——— o.e
~10
1 . :
= 2x—x 5V2x 245 sin{ ABC)
. E 13
sin (ABC) = [1-— =—
Vo100 410
= 3
Area= 542 xlwf_;x— =30
f
410

b
B¢ - £
\yf/'

Identify » 1" to BC'and » L" to AB

Area=2x [Area of BYC + Area of BYA]

30 =2x[1.2\f'5:'+1.5—\."2r}
2 2
30 542 —2./%)
r=— = 3V2mH)
24/5 +542 50-20

r=5J2-25

M1

M1

M1

Al

Bl

M1

Al

M1
Al

3

Allow T

Use of . fo form
equation for cos ARC

Use of LabsinCx 2

Attempt sin ABC
\ their (a)

Method — equation
mr

Correct equation in 7

Attempt 1 = with
rational denom.
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Question 8 (AEA 2008 Q7)

Relative to a fixed origin O, the position vectors of the points 4, B and C are

—
04 =-3i+j-9K,

(a) Find the cosine of angle ABC.

OB=i- k OC =5i+2j -5k respectively.

(4
The line L 1s the angle bisector of angle ABC.
(b) Show that an equationof Lisr=1i—k + i + 2j — 7k).
C))
(c) Show that |E‘ = ‘E‘
2
The circle S lies inside triangle ABC and each side of the tnangle is a tangent to S.
(d) Find the position vector of the centre of S.
M
(e) Find the radms of 5.
(&)
(=) :*] i (;g) Alewt TR «dBC |,
ﬁ s h — =
ER.Bc = -lb +i‘_+sz =\g Afle-pt GA. Be M)
uﬁl: e L " lE'C-[.,l'-!‘-l"‘i-l'“ﬂu' = 6 ﬁ“hﬂ: (Rl 1821 [HI
' s - T AL (4)
Ix b — R .
Using  Lhombues 1dea Ox - B+ LR ok |eg 38 4 204 Mi, A4
: NI [\ ﬂmgmlvaio )
:ﬂ{g i OF/"'"‘ 7 A1
i 1 ¥ i k-?} il cto.
o k'—oa) * b(-"}) ® - (&)
© A= (% PR rrrron R S - B L L e
L C . (mut 1 1241 Jor-)
.r' 1 .
t-- s
ﬁ — (z Ei
(4) - hoe nbos Ly ha dinchon L (RE4RE) = U
f -3 R‘A&Gq;o-thﬁﬂ-n M|
O L koo equekion QE:)( a‘l)-r U(L)
- 1
Hi
Coleot S i i Breton  of Liedl ahr‘ﬂ::]
3 \ M1
Sotving : 48 =-%+u } - k=L, ws, ﬁHcA.,{-h Ja-v:*_ M
2E = | - . P | | -
[ -l-r'-f-—lss-ctiu Check: kH$=-% :'“‘""%_J
) - 3\ 3 )
" Qb  has ?mi'ﬁ'an \Jcc,'i-'ormd:( it) ' (_-130-:‘-) "r;!_fi,fo(?)
o - '
( "x 3 lek x:m’;(’--‘fou‘-n"o{' Lo C.Bx=3 (o} Bx=3 B
) ne ' ' T R
we- £ TmeLl(E Aliexst 80 « 160
. El E:\ = Ll‘ ) CBe 2 4 )
(‘ ‘-'?L
T .1 . . 5L _9q. RIS [T Fllmelod G v (M Hlu_)
pra ART-3 S0 b
- \
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Question 9 (AEA 2007 Q7)

The points O, P and Q lie on a circle € with diameter OQ. The position vectors of P and O,
relative to (J, are p and q respectively.

(a) Prove that p.q = | P | 2 (3)

Figure 3

The point R also lies on C and QPQOR 1s a kite K as shown in Figure 3. The point § has position
vector, relative to O, of Aq, where A 15 a constant. Given thatp=1+2j—-k q=21+j— 2k and
that JQ 1s perpendicular to PS5, find

(B) the value of A, (2)
(c) the position vector of R, (3)
(d) the area of K. (4)

Another circle C1 1s drawn inside K so that the 4 sides of the kite are each tangents to €.
(e) Find the radius of C1 giving vour answer in the form {‘4"2 - 1}"1"?1, where » 15 an integer. (3)
A second kite X 1s sumilar to K and 15 drawn mnside Cy.

(fi Find that area of K1 (3)

www.drfrostmaths.com



(ﬂ.\_l _6?1' 5 dicmeler ", G?@ =10° (Ll.ﬂ .rﬂ--ui-r.u'ih:h} Rearon e G?ﬂ =" |3y
#-(g-2) =0 : weof a.z=0 |NI
> pg =g =l ® LG
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Question 10 (AEA 2006 Q5)

The lines L; and L; have vector equations

Li:

La:

r=-2i+11.5] + A(3i— 4j — k),

r=11.5i+3j +8.5k + 1(7i + 8 — 11K).

where A and g are parameters.

(a) Show that L and L do not infersect.

(b) Show that the vector (2i + j + 2k) is perpendicular to both L; and L,.

The point 4 lies on Ly, the point B lies on L; and AB 1s perpendicular to both L; and L.

(¢) Find the position vector of the point 4 and the position vector of the point B.

¢

T L b et Hew 0 = O
" = —t4 Ik = ||-f1-y~ e ?/u @
:1_ S —ls-hh= e = —iges =B = 2 G)
A T S =) ?-:-a-h:l:/k@
QLJ'MW“‘} i
- gy e Al e B
(D) e S ﬁ*lf’u/f"'f'?f
O D> k=g, = C‘{“iﬁ_f It
R EPIE b= 30 =iy -
’ . (J_ub]l [l
11y L-'j e ok ﬂ otz d— {mv_h—t] (r-
B . T f'L
e (1) ey o
’? "' o Tgrfere = e (i] I A, vl K
fu\ {) (e} 5y
T T -r{_.l,_.:r.}.} e LTA+13-5 -
Cﬁi-ﬁ? —-{:—II":T- '-;.1‘5) if*i‘r]r.-o-r\-‘ﬁ' {F\;ﬂ"-‘:‘f}
‘-U*N § = (=a) —ip A TS
LTI e I M
r51|(_ S0 T e B ek d N
= N\ -kl pE= (&)
o ‘:nj_* = lh/i-ff'i":k'f‘-'? Pl R L P
“ 5 Amanhess=o(E) M
E:-Hﬂ" _“ L’i- ""-E - 1"1,.-""47-\-\"'»5-‘::9_?
(@@ = R B ('::{fu;,.j B
(_Hﬁ-—g,w_-_v'.r_ﬁ
- = — g
= Gi— = [—:T-.'TS o s :(—r 3 P'?t, i
- S
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Question 11 (AEA 2005 Q5)

The point 4 has position vector 7i + 2j — 7k and the point B has position vector 12i + 3j — 13k

(a) Find a vector for the line L1 which passes through 4 and B.

(2)
The line L7 has vector equation
r=—4i+ 12k + i —3k).
(B) Show that L1 passes through the onigin O.
(1)
(¢) Show that L1 and Lz intersect at a point C and find the position vector of C.
(3)
(d) Find the cosine of £ 0CA.
(3)
() Hence, or otherwise, find the shortest distance from O to L1.
(3)
(/) Show that| CO| =| A4B|.
2)
(g) Find a vector equation for the line which bisects .~ QCA.
(3)
(.:] A {-}iLr_T} =
Bo= (5,0,-%)
g (v,2,-15) = 1 &
caps o+ o=(n 1**(‘) “er(1
-7 -3 z
EL-} T b }-F £h = —"{-"i.‘j-'- _
Y -
s ° Ay 2292 B
—1 -—*? = lL—F/H
. f.,-{,,_[' (= [l
f/‘-m—-j:}l-:r—'—t -./}A—":' ~ ( pwhr‘}
[d o ek gt (_T-!a..—'-{-i-t
o Tl = i1 ‘>
by 2 (’5‘) (At P py (3)
9 Tmu-ﬂ-}
d _ =) 3
(#) 2 s (e -2 10) (A k) M
(o amyg wmmnber R—Lﬂ?H}
F:';E - Zodo vy = 1T¢
- Ve, 2fie e 4
bxioe 3 T 1
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